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A general formalism is presented for violations of Lorentz &RIT symmetry in the neutrino sector. The
effective Hamiltonian for neutrino propagation in the presence of LorentC&violation is derived, and its
properties are studied. Possible definitive signals in existing and future neutrino-oscillation experiments are
discussed. Among the predictions are direction-dependent effects, including neutrino-antineutrino mixing, si-
dereal and annual variations, and compass asymmetries. Other consequences of Lor&@R7 winthtion
involve unconventional energy dependences in oscillation lengths and mixing angles. A variety of simple
models both with and without neutrino masses are developed to illustrate key physical effects. The attainable
sensitivities to coefficients for Lorentz violation in the Standard-Model Extension are estimated for various
types of experiments. Many experiments have potential sensitivity to Planck-suppressed effects, comparable to
the best tests in other sectors. The lack of existing experimental constraints, the wide range of available
coefficient space, and the variety of novel effects imply that some or perhaps even all of the existing data on
neutrino oscillations might be due to Lorentz a@BT violation.
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I. INTRODUCTION constructed with SM fields and that introduce violations of
Lorentz symmetry. The additional terms have the form of

The minimal Standard ModelSM) of particle physics Lorentz-violating operators coupled to coefficients with Lor-
offers a successful description of most processes in naturentz indices, and they could arise in a variety of ways. One
but leaves unresolved several experimental and theoreticgeneric and elegant mechanism is spontaneous Lorentz vio-
issues. On the experimental front, observations of neutringation, proposed first in string theory and field theories with
oscillations have accumulated convincing evidence that thgravity [6] and then generalized to inclu@PT violation[7].
description of physical properties of neutrinos requires modi-Another popular framework for Lorentz violation is noncom-
fication of the neutrino sector in the minimal SM. Most ex- mutative field theory, in which realistic models form a subset
perimental results to date can be described theoretically bgf the SME involving operators of nonrenormalizable dimen-
adding neutrino masses to the minimal SM, but a completaion[8]. Other proposed sources of Lorentz &DET viola-
understanding of the existing data awaits further experimention include various nonstring approaches to quantum gravity
tation. On the theoretical front, the SM is expected to be th¢9], random dynamic$10], and multiverseg11]. Planck-
low-energy limit of a more fundamental theory that unifiesscale sensitivity to the coefficients for Lorentz violation in
quantum physics and gravity at the Planck saale=10'°  the SME has been achieved in various experiments, includ-
GeV. Direct measurements at this energy scale are impracting ones with mesonf3,12,13, baryong[14-16, electrons
cal, but suppressed low-energy signatures from the antici-17,18, photong19-22, and muong$23]. However, no ex-
pated new physics might be detectable in sensitive existingeriments to date have measured neutrino-sector coefficients
experiments. for Lorentz violation.

In this work, we address both these topics by studying Here, we explore neutrino behavior in the presence of
effects on the neutrino sector of relativity violations, a prom-Lorentz andCPT violation using the SME framework. The
ising class of Planck-scale signals. These violations mighbriginal proposal for Lorentz an@PT violation in neutrinos
arise through the breaking of Lorentz symmetry and perhapg2] has since been followed by several theoretical investiga-
also the breaking oCPT symmetry[1]. Since the SM is tions within the context of the SME24-29, most of which
known to provide a successful description of most physics ahave chosen to restrict attention to a small number of coef-
low energies compared to the Planck scale, any such signafigients. A comprehensive theoretical study of Lorentz and
must appear at low energies in the form of an effective quan€PT violation in neutrinos has been lacking. The present
tum field theory containing the SM. The general effectivework partially fills this gap by applying the ideas of the SME
quantum field theory constructed from the SM and allowingto a general neutrino sector with all possible couplings of
arbitrary coordinate-independent Lorentz violation is calledeft- and right-handed neutrinos and with sterile neutrinos.
the Standard-Model ExtensidBME) [2]. It provides a link  We concentrate mostly on Lorentz-violating operators of
to the Planck scale through operators of nonrenormalizableenormalizable dimension, which dominate the low-energy
dimension[3,4]. SinceCPT violation implies Lorentz viola-  physics in typical theories, but some generic consequences of
tion [5], this theory also allows for gener@PT breaking.  Lorentz-violating operators of nonrenormalizable dimension
The SME therefore provides a realistic theoretical basis foare also consideref8,4,30. The effective Hamiltonian de-
studies of Lorentz violation, with or withol@PT breaking.  scribing free neutrino propagation is obtained, and its impli-

The Lagrangian of the SME consists of the usual SMcations are studied. The formalism presented in this work
Lagrangian supplemented by all possible terms that can binereby provides a general theoretical basis for future studies
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of Lorentz and CPT violation in neutrinos. We also illustrateneutrino sector of the minimal SME is therefore included,
various key physical ideas of Lorentz ai@PT violation  along with other terms such as those involving right-handed
through simple models, and we discuss experimental signal§eutrinos.
Our primary focus here is on oscillation ddtil], but the We denote the neutrino fields by the set of Dirac spinors
formalism is applicable also to other types of experimentd ¥e,V,.7-, ...} and their charge conjugates bjwec
including direct mass search82], neutrinoless double-beta =vg . v,c=v, v,c=v7, ... }, where charge conjugation
decay[33], and supernova neutring34]. of a Dirac spinor is defined as usuaﬁzcﬂ. By defini-
Several features of Lorentz and CPT violation that wetion, active neutrinos are detected via weak interactions with
uncover are common to other sectors of the SME, includingeft-handed components ¢be,v, ,v,}. Complications may
unconventional energy dependence and dependence on thfise in the full SME, where Lorentz-violating terms alter
direction of propagation. We also find that Lorentz-violatingthese interactions and can modify the detection process.
neutrino-antineutrino mixing with lepton-number violation However, such modifications are expected to be tiny and
naturally arises from Majorana-like couplings. These feawell beyond the sensitivity of current experiments. In con-
tures lead to several unique signals for Lorentz &RIT  trast, propagation effects can become appreciable for large
violation. For example, the direction dependence potentiallhaselines. We therefore focus in this work on solutions to the
generates sidereal variations in terrestrial experiments as th&rentz-violating equations of motion that describe free
Earth rotates, annual variations in solar-neutrino propertiessropagation of thé\ neutrino species.
and intrinsic differences in neutrino flux from different |t is convenient to place all the fields and their conjugates
points on the compass or different angular heights at thénto a single objecw,, where the indeXA ranges over the
location of the detector. The unconventional energy depemN possibilities{e, u, 7, . . . €% uC,7%, .. .}. This setup al-
dence produces a variety of interesting potential signals, infows us to write the equations of motion in a form analogous
cluding resonances in the vacuui®5,29 as well as the to the Lorentz-violating QED extensiof2,4], and it can
usual Mikheyev-Smirnov-WolfensteiMSW) resonances in  readily accommodate Dirac, Majorana, or more general types
matter[35]. of neutrinos. Our explicit analysis in this section is per-
Experiments producing evidence for neutrino oscillationsformed under the assumption that Lorentz-violating opera-
to date include atmospheric-neutrino experim¢8€, solar-  tors of renormalizable dimension dominate the low-energy
neutrino experiments37—-43, reactor experimen{®t3], and  physics. Then, the general equations of motion for free

accelerator-based experimefdg,45. Most current data are propagation can be written as a first-order differential opera-
consistent with the introduction of three massive-neutrinaor acting on the object, :

states, usually attributed to Grand-Unified-ThedgUT)
scale physics. However, as we demonstrate in this work, the (il xgd,— M ap) vg=0. (1)
possibility remains that the observed neutrino oscillations
may be due at least in part and conceivably even entirely télere, each constant quantiig, Mg is also a 4<4 ma-
Lorentz and CPT violation from the Planck scale. In anytrix in spinor space. Note that the usual equations of motion
event, experiments designed to test neutrino mass are al$or Dirac and Majorana neutrinos are special cases of this
well suited for tests of Lorentz and CPT invariance, and theyequation.
have the potential to produce the first measurements of vio- The matriced 4z andM 5z can be decomposed using the
lations of these fundamental symmetries, signaling possibleasis ofy matrices. We define
Planck-scale physics.
The organization of this paper is as follows. Section Il I'xg=7"0nt ChpY,+tdABY5V,
presents the basic theory and definitions, obtaining the effec-
tive Hamiltonian for neutrino propagation and discussing its
properties. Issues of experimental sensitivities and possible
constraints from experiments in other sectors are considered
in Sec. lll. Certain key features of neutrino behavior in the M ag=Mag+iMsagys+akzy,
presence of Lorentz and CPT violation are illustrated in the
sample models of Sec. IV. Some remarks about both generic
and experiment-specific predictions are provided in Sec. V.
Throughout, we follow the notation and conventions of Refs.
[2,4]. In these equations, the massesand ms are Lorentz and
CPT conserving. The coefficientsd,H areCPT conserving
but Lorentz violating, whilea, b, e, f, g are bothCPT and

Il. THEORY Lorentz violating. Requiring hermiticity of the theory im-
poses the conditions I'5g=7°(T'5)"Y° and Myg
=~%(Mga)T¥°, which implies all coefficients are hermitian

Our starting point is a general theory describidgneu-  in generation space.

trino species. The theory is assumed to include all possible The above construction carries some redundancies that
Majorana- and Dirac-type couplings of left- and right-handedstem from the interdependence ofand »©. This implies
neutrinos, including Lorentz- an@PT-violating ones. The certain symmetries fof” andM. Note first that charge con-

1
- \
+exptifagyst EQAIEV‘TM ,

1
+bKB‘}/5‘yM+ EH'ZEU/LV' (2)

A. Basics
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jucgation can be writ_ten as a Iinear transf_orm_ation 1001 Ho= —yo(iyjaj—Mo). (6)
vi=Cpgvg, WhereC is the symmetric matrix with nonzero
elementsCeec=C,,c=C,c=---=1. Then, in terms ot The Lorentz-conserving dynamics is completely determined
and the spinor matrixC, the interdependence of and v© by the mass matribM,, which in its general form can be
implies the relations written

I'ag=—CacCepC(I'pc)'CTH, Mo=m+imsys=m_ P +mgPg (7)

with mg=(m_)"=m+ims and P =3 (1-1vs),Pr=3 (1
+ y5). The components of the matrmRzm[ can be iden-
where the transposBacts in spinor space. Suppressing gen-Ufied with Dirac- or Majorana-type masses by separating
eration indices, this translates to into four NXN submatrices. It is often encountered in the

form of the symmetric matrix

M ag=CacCspC(Mpc)'C 1, ©)

ct'=C(c*")'c, m=C(m)'C, L D)

d#r=—c(d*") e, ms=C(ms)'C,

The matricesR and L are the right- and left-handed
Majorana-mass matrices, whi2 is the Dirac-mass matrix.

In general R, L andD are complex matrices restricted only
by the requirement thaR andL are symmetric. Note that a
left-handed Majorana coupling is incompatible with
electroweak-gauge invariance. In contrast, Dirac and right-
handed Majorana couplings can preserve the usual gauge in-
riance.

It is always possible to find a basis in which the mass
matrix Mg is diagonal. Labeling the fields in this basis by
xar, WhereA'=1, ... N, then the unitary transformation
relating the two bases can be written as

e’=—c(e")'c, a’=-c@")’c,
fr=—c(fnc, b=c(b")’c,
ger=c(g)Te,  HAT=—C(HAY)TC, @

where now the transposk acts in generation space. Note
that the overall signs in the above equations are chosen f
match their derivation within the conventional lagrangian
formalism involving anticommuting fermion fields.
Equation(1) provides a basis for a general Lorentz- and
CPT-violating relativistic quantum mechanics of freely
propagating neutrinos. However, the unconventional time-
derivative term complicates the construction of the corre-
sponding Hamiltonian. This difficulty also arises in the mini-
mal QED extension, but it may be overcorf¥ if there
exists a nonsingular matriA satisfying the relationship

AT/TOA=1. The field redefinitiorva=Aagxg then allows o . . .
the equations of motion(1) to be written as iSagdy =m(a)Sarg’ IS diagonal with real non-negative entries. The

. _ C _ * C .
—Hap)xs=0, where the Hamiltonian is given by neutrinos xa = xa, = Va'aAPLXat Vi sPrxx are Majorana
— _AT,yO(il"j(gj_ M)A. particles, regardless of the form bfy,.

Denoting 8I'” and M as the Lorentz-violating portions . o
of I'” and M, and under the reasonable assumption that B. Effective Hamiltonian

|6T°|<1, a satisfactory field redefinition is given by the  The discussion above applies to an arbitrary number of
power seriedA=(1+1°6T'%) ¥2=1—1,96T%+.... Sepa- neutrino species and an arbitrary mass spectrum. Since a
rating the Hamiltoniar¥{ into a Lorentz-conserving pat{,  general treatment is rather cumbersome, we restrict attention
and a Lorentz-violating pa@?, which we assume is small in what follows to the minimal physically reasonable exten-
relative toH,, we can use the above expression foto sion withN=3. For definiteness, we also assume a standard
obtain an expansion o in terms of H, and coefficients Seesaw mechanisi#8] with the components oR much
for Lorentz violation. Explicitly, at leading order in coeffi- larger than those dD or L. This mechanism suppresses the
cients for Lorentz violation, we obtain propagation of right-handed neutrinos, so the analysis below
also contains other Lorentz- and CPT-violating scenarios
1 o0 0 <0 g dominated by light or massless left-handed neutrinos, includ-
SH=—5(Y° 8T Ho+Hy° T %) = y°(i 813, — 6M). ing the minimal SME.
(5) Ordering the masses»/) from smallest to largest, we
assume tham,,m),mzy are small compared to the neu-
This expression is therefore the basis for a general study dfino energies and possibly zero, and that the remaining
leading-order Lorentz an@PT violation in the neutrino sec- massesn4),Ms), Mg are large with the corresponding en-
tor. ergy eigenstates kinematically forbidden. In this situation the
At this stage, prior to beginning our study of E§), itis  submatrixV,,,, wherea=e,u,r anda’=1,2,3, is approxi-
useful to review the properties of the Lorentz-conservingmately unitary.
Hamiltonian[46,47| To aid in solving the equations of motion, we define

UA’AZVA'APL+(VC)Z’APR’ (9)
whereV is a 2N X 2N unitary matrix. Here, it is understood

that U,/ carries spinor indices that have been suppressed.
In the new basis, the mass matriry p/gr=Mgarp
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R d®p R tions of motion in terms of the amplitudésandd. The result
Xa(t;x)= f WXA('E:P)G")'X, takes the form of the matrix equation
Vbt V(8 EVU(E, by (t;p)
Xa(t;p) =Dba(t;p)u(p) + (Cd)a(t;P)UR(P) -
e " .| do(tp)
+(Ch)A(t;=p)vr(—p) [ 83 do—Harp (P)] o (t— B) =0, (12
- - b! £
+di(t;— -p). 10 -
Al plv(—p) (10 d;,(t;—p)

This is chosen to satisfy explicitly the charge-conjugation
condition x§$=Cagxs. The spinor basis{u, (p),ur(p), where *for convenience we haye defmbg,zvb,BbB and
vr(—p),vL(—p)} obeys the usual relations for massless fer—?b’:VFﬁdB’ and whereH,,: is the spinor-decomposed
. . N~ T 8 . orm o a’b’ -
hm;ﬁ;fy V(;Igz:;?gr(;)yo«;CL:SL/Y|Ré|p)g.;i\Z:absy?ge-tvaluii c:ntdhe The propagation of kinematically allowed states is com-
5 : T v

_ o _ pletely determined by the amplitudbg andd,. . However,
eigenvalues of the chirality operatgg given by{—.,+,+.  for purposes of comparison with experiment it is convenient

—}. For simplicity, we normalize Withujus=v.vs=0.5 1o express the result using the amplitudes associated with
for @,8=L,R. The definition(10) implies that the ampli- active neutrinosp,,, , andd,,, .. The relevant calculation
tudesb, , - may be approximately identified with active neu- js somewhat lengthy and is deferred to Appendix A. It as-
trinos andde',” with active antineutrinos. The remaining sumes that the SubmatrMa,a is unitary, and it neg|ects
amplitudesbec ,c .c anddec, ;¢ .c cover the space of sterile terms that enter as small massag,, multiplied by coeffi-
right-handed neutrinos, but a Simple identification with ﬂa.'cients for Lorentz violation, since these are typ|ca||y sup-
vor neutrinos and antineutrinos would be inappropriate ipressed. The calculation reveals that the time evolution of the

view of their large mass. active-neutrino amplitudes is given by the equation
In the mass-diagonal Majorana basis, we restrict attention
to the propagating states consisting of the light neutrinos. ba(t;ﬁ) bb(O;f))
Taking the Hamiltonian in this basis ( R ) =ex _iheﬂt)ab( R ) (13
da(t;p) dy(0;p)

Harp (D)= 727+ P+ M(ary) Sarpy + Harpr (), (11) _ , - N
R R wherehg is the effective Hamiltonian describing flavor neu-
and applying it toy, (t;p)=U,gxs(t;p) Yields the equa- trino propagation. To leading order, it is given by

1 ((Fnz)ab 0 )

N 1 0
(heff)ab:|p|5abo 1

+ — ~
2lpl\ 0 (M),
+i( [(@L)“p,—(CcL)*"PuPy]ab —iV2p,(€4),[(g"" 7P, — H"")Clap 14
o1\ iV2p,(e0)E[(g*"7p,+HA)CIE, [—(a)*p,—(cL)*"P P, ]3b ’

where we have definedc()4y=(c+d)4, and @, )4,=(a  gous to the usual photon helicity basis. The appearance of
+b)~, for reasons explained below. The approximate fourthese vectors reflects the near-definite helicity of active neu-
momentump, may be taken aspM=(|f)|;—5) at leading  trinos. The vectors; and e, can be arbitrarily set by rota-
order. The Lorentz-conserving mass term results from th&ions or equivalently by multiplyingd,)” by a phase, which
usual seesaw mechanism witit=mm/, wherem, is the ~ tums out to be .equi\./alent to changing the relative phase
light-mass matrixm,=L—DR™DT. The complex vector Petween the basis spinoug andug.

(e.), satisfies the conditions Only the diagonal kinetic ierm ihgg arises in the mini-
mal SM. The term involving i) ., encompasses the usual
pH(es)’—p (e ) =1€"""py(€4),, massive-neutrino case without sterile neutrinos. The leading-
order Lorentz-violating contributions to neutrino-neutrino
(e.)"(er)s=—1. (15  mixing are controlled by the coefficient combinations (

o +b)4, and (€+d)4Y. These combinations conserve the
A suitable choice is €,)"=(1/y2)(0;e;+ie,), where usual SU(3XSU(2)XU(1) gauge symmetry and corre-
€1,€, are real andp/|p|,e;,€,} form a right-handed ortho-  spond to the coefficientsa()4, and ()4 in the minimal
normal triad. Note thate,)” and (¢_)"=(e.)"* is analo- SME. Note that the orthogonal combinatiors—(b)%4, and
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(c—d)4? also conserve the usual gauge symmetry, but theglent. For example, any nonzero mass-squared differences
correspond to self-couplings of right-handed neutrinos andlominate the Hamiltonian at some low-energy scale. How-
are therefore irrelevant for leading-order processes involvingver, while mass effects decrease with energy, Lorentz-
active neutrinos. The remaining coefficientg“(’C),, and  Violating effects involving operators of renormalizable di-
(H#¥C) ., appear irhgs through Majorana-like couplings that mension remain constant or grow linearly with enekggind
violate SU(3)X SU(2)xU(1) gauge invariance and lepton- S0 always dominate at high energies. For instance, the con-
number conservation. They generate Lorentz-violatingributions from a mass of 0.1 eV and a dimensionless coef-
neutrino-antineutrino mixing. ficient of 10" are roughly comparable at an energy deter-
Some combinations of coefficients may be unobservablenined by E?~ (0.1 eV)?/(10™ '), or E~30 MeV. Below
either due to symmetries or because they can be removéhis energy the mass term dominates, while above it the
through field redefinitionf2,4,49,5Q. For example, the trace Lorentz-violating term does. Similarly, a dimension-one co-
componenty,,,(c )*” is Lorentz invariant and can be ab- efficient of 10*° GeV has a transition energg~10 keV.
sorbed into the usual kinetic term, so it may be assumed zefdlore generally, effects controlled by the coefficients
for convenience. In fact, even if this combination is initially (kg)* - for Lorentz violation involving operators of dimen-
nonzero, it remains absent from the leading-order effectivsionn=d+3 grow asE‘.
Hamiltonian because the trace pfp, vanishes. Other ex- Although the perturbative diagonalization leading to Eq.
amples of unobservable coefficients include certain combinatl4) is valid for dimensionless coefficients much smaller
tions of g#* and H#”. The antisymmetry propertieg*””  than one and for energies much greater than any masses or
=—g""?, H**=—H"* and the properties ofe(.), can be coefficients of dimension one, at sufficiently high energies
combined to prove that the physically significant combina-issues of stability and causality may require the inclusion of

tions of g“*? andH*" are given by the relations Lorentz-violating terms of nonrenormalizable dimension in
the theory. In the context of the single-fermion QED exten-
p.(€:),0""7=| pl(€+),9", sion, for example, a dimensionles® coefficient can lead to
issues with causality and stability at energieBgmion/ VC*°
pu(er) H*"=]pl(e;) A", (16)  unless the effects of operators of nonrenormalizable dimen-
sion are incorporateft]. A complete resolution of this issue
where we have defined would be of interest but lies beyond our present scope. It is

likely to depend on the underlying mechanisms leading to
mass and Lorentz violation, and it may be complicated fur-
ther by the presence of multiple generations and the sterile
neutrino sector. We limit our remarks here to noting that the
values of the coefficients for Lorentz violation considered in
all the models in this work are sufficiently small that issues
of stability and causality can be arranged to appear only be-
Only these combinations appear ligz and are relevant to yond experimentally relevant energies. In any case, the
neutrino oscillations. renormalizable sector provides a solid foundation for the ba-

In deriving Eqg.(14), we have focused on operators of sic treatment of Lorentz an@PT violation in neutrinos.
renormalizable dimension, which involve linear derivatives
in the equations of motion and a single power of momentum
in the Hamiltonian. Operators of nonrenormalizable mass di- N many situations, neutrinos traverse a significant volume
mensionn>4 are also of potential importand8,4]. They  of ordinary matter before detection. The resulting forward
appear as higher-deriva’[ive terms in the action, a|0ng Witﬁscattering with electrons, protons, and neutrons can have dra-
corresponding complications in the equations of motion andnatic consequences on neutrino oscillatifiy. These mat-
in the construction of the Hamiltonian. An operator of di- ter interactions can readily be incorporated into our general
mensionn is associated with a term in the action involving formalism. Since the effective Lagrangian in normal
d=n—3 derivatives, and the associated terms in the effecmatter is given by AL e — V2GrNerey°P ve
tive Hamiltonian involved powers of the momentum. The  (G.n,/\2)r,y°P v,, matter effects are equivalent to
corresponding coefficient for Lorentz violation carrig@$ 2 contributions fromCPT-odd coefficients
or fewer Lorentz indices, depending on the spinor structure
of the coupling and the number of momentum contractions (aL'eﬁ)gezGF(Zne—nn)/\/E,
occurring. For the case>4, we generically denote the co-
efficients by k4) . These coefficients have mass dimen- 0 0
sion 1-d. Note that, depending on the theory considered, (@06 = (AL ef) 2=~ GENa /12,
the mechanism for Lorentz an@PT violation can cause
them to be suppressed biydependent powers of the Planck wheren, andn, are the number densities of electrons and
scale[3,4]. Some effects of operators with=2 have been neutrons. Adding these terms to the effective Hamiltonian
considered in the context of quantum gravity in R&0]. (14) therefore incorporates the effects of matter.

The mixing described by Edq14) or its generalization to For some of the analyses of Lorentz violation below, it is
operators of dimension>4 can be strongly energy depen- useful to review the treatment of matter effects in solar and

[vo— ~0vo I_ Oov ypo
g _g + 26 ’ypg ’

FI=HO+ £ &0 Hw 1
2€ 17

C. Neutrinos in matter

(18
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atmospheric neutrinos. Consider first solar neutrinos. These Denoting the six propagation states by the amplitudes
are produced in several processes that generate distinct, wel(t:p) with J=1,...,6, we can write B;(t;p)
understoodv, spectra. The most notable are e spectrum
with a maximum energy of about 0.4 MeV, and tf@ spec-
trum with a maximum of about 16 MeY52]. For v < vy
mixing scenarios, the contribution from, is the same for all
species and therefore can be ignored. Howengnnay be

=0 34b4(t;p) + U ad4(t;p), where we have split)eq into
6X3 matricesUeﬁ=(U,U). The time evolution operator
may then be written as

important forv,< v, mixing, such as that generated by the San(t) = (U fge ™ "EeU ) o,
coefficients §*7?C) ., and H*"C) 4 in heg. An analytic ap-

proximation to the electron number density inside the Sun S, . () S,7.(t)
is given by [52] no/Ny=245e"105%RReo |t js useful to :( atb ath )
define ng=n,—3n,, a combination that often appears S,n() S (1)

in sterile-neutrino searches. This number density has a

similar  approximation, ng/N,=223 105®Ro_ The o —
two linearly independent combinations can there- _S o it UjaUss U3aUsp 20
fore be taken asGgng,=1.32x10 2% 105%Ro Gev 3 U U. U0

and Ggng=1.20x 10 2% 195®/Ro Gev, corresponding Jazdb FJarab
to a neutron contribution of Ggn,=2Gg(N—Ng) )
=0.24x 10" 2%~ 105®/Ro GeV to the effective Hamiltonian. WHEreE(y) are the diagonal values .

These quantities set the scale for matter effects in the Sun. Th_e probabili.ties fqr a neutrino 9f t)_/rheoscillating into a
Next, consider the detection of atmospheric neutrinos!€Utrin® or antineutrino of typ@ in time t are therefore
Upward-going neutrinos pass through the Earth and therefor@vrva(t):|Svavb(t)| or vaja(t):w;a%(t)' » respec-
experience higher matter potentials than the downwardtively. Similarly, for antineutrinos we haveP; ., (t)
going neutrinos, which traverse the less dense atmosphete|S, . (1)|2 or P, 5 (t)=]S, 5.(1)|2. In terms of the ma-
and a small amount of bedrock on their way to the detector, . = " hb 3 babili 2
A crude estimate of the matter potential in this case can bglcesu andU, the probabilities are
obtained by assuming that the Earth consists of roughly
equal numbers of protons, neutrons, and electrons. Using the
average number density then yields the approximate value
Gene=Ggn,=1.5x10 22 GeV. This produces a matter po-
tential similar to that from the Sun &/Rg~2/5. e~

Overall, the contribution td.; from matter ranges from +232‘K IM(U5aUspUkalicp) SiMA ikt (213
about 102° to 10 ?° GeV. This means that matter effects
must be incorporated when the contributions from mass or At
Lorentz violation lie near these values. This range is compa- p— — 4\ _ T T 1% e 23K
rable to the scale of coefficients for Lorentz v%lation thgt Pybﬂa(t) Oab 4JZK Re(UZaU anUkaUko)si 2
originate as suppressed effects from the Planck scale. Note
also that most terrestrial experiments involve neutrino's that +2 2 |m(U§aUJbUKaU’.2b)SinAJKL (21b
traverse at least some amount of bedrock or other shielding J=k
materials, which can result in substantially different conven-
tional or Lorentz-violating dynamics relative to the vacuum-

~ L o~ o~ ~ . AJKt
P, ., (1)=8—4 > Re(03,0,,0x.05p)siF——
b~ Va =k 2

o — . — A it
oscillation casg53]. P, _.()=—4> ReU3,0;U KaUEb)Sinz%
J>K
D. Neutrino oscillations Tx T T .
+2 2 Im(U3,0,;,0.0kp)sind et
The analysis of neutrino mixing proceeds along the usual =K
lines. The effective Hamiltonian can be diagonalized with a (210

6X 6 unitary matrixU g :

_t _~ N — At
et = VerEerter B9, 0=-43 RaULUn0aUysiP—5-
a J>K

where E¢ is a 6X6 diagonal matrix. In contrast to the ~ T o~ T
Lorentz-covariant case, where mixing without sterile neutri- +ZJZK IM(U5aUspUkaUkn) SINA st

nos involves only three propagating states, here mixing with-

out sterile neutrinos may occur with six states. This means (219
that there can be up to five energy-dependent eigenvalue dif-

ferences for Lorentz-violating mixing, resulting in five inde- where the effective-energy difference is denoted Ay
pendent oscillation lengths instead of the usual 4. =E@y)—Ewk-
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E. CPT properties Lorentz invariancg 2], ensures that the analysis and mea-
surements of an experiment can be performed in any frame
of reference. However, it is convenient to have a standard set
of frames to facilitate comparisons of different experiments.
( bgPT(t;ﬁ)) ( —d;(—t;ﬁ)) 2( bg(—t;5)> In the literature, measurements are co_nventionally exp_ressed
= o= 2. in terms of coefficients for Lorentz violation defined in a
b (—t;p) di(—t;p) Sun-centered celestial equatorial frame with coordinates
(22 (T,X,Y,Z) [56]. For our present purposes, it suffices to iden-
tify the Z direction as lying along the Earth’s rotational axis
_ : )  CPT. 2rk 2 Qnd theX direction as pointing towards the vernal equinox.
heri: the CPT-conjugate Hamiltoniahg = o*heyo” canbe  he coefficients for Lorentz violation in any other inertial
obtained from Eq(14) by changing the sign of théPT-odd  frame can be related to the standard set in the Sun-centered
a_ andg coefficients. Thenhgs '=her whena, andg van-  frame by an observer Lorentz transformation. In general, this
ish, as expected. A notable feature here is that independefthnsformation includes both rotations and boosts, but boost
mass matrices for neutrinos and antineutrinos cannot be geeffects are frequently neglected because they introduce only
erated as has been propodéd|. Greenberg has recently terms suppressed by the velociybetween frames, which is

With a conveniently chosen phasePT may be imple-
mented by the transformation

dSPT(t;p)

proved that this result is generfd]. typically =10™“. Recently, studies of somg-suppressed
UnderCPT, the transition amplitudes transform as terms have been performed in the context of high-precision
clock-comparison experimenf45,16 and resonant cavities
CPT [21,22.
SVaVb(t) - S?Jb(_t)' (233 The existence of orientation-dependent effects makes it
useful to define a standard parametrization for the direction
CPT of neutrino propagatiop and the corresponding, , e, vec-
Svp(D) = =S, 5 (—1). (23D tors in the Sun-centered frame. A suitable set of unit vectors
is given by
These relations become equalities if CPT holds. The first R
relation then yields the usual result p=(sin®cosb,sin®@sin®,coP),
CPT invariance=P, ., ()=P, (). (249 €1=(cogd cosb,coPsind, —sind),

This property has long been understood and has been iden-
tified as a potential test @PTinvarianceg 25]. However, the
negation of terms in this result produces a statement that m

€,=(—sin®,cosb ,0), (25)

a . . .

be false in general becaus&PT violation need not imply \grr:)epraesgt%r;disaprgctt?veeli/ el\ilseu?elz;gflglttﬁgftr?:sdeIgzglrtnltjiggsogre

PVbH”a(t)Q&PVaH”b(t)' E>_<amples of m0(_1lels _that violate related to the right ascension and declinationd of the

CPT but nonetheless satisfy E(R4a are given in Sgc. V. source as viewed from the detector By=90°+d and ®

The above property addresses the relationship between jggo

v v andv« v mixing. There is also an analogous property  |n the remainder of this subsection, we provide some

associated withv«+ v mixing. Thus, forCPT invariance, re- technical comments about the frame dependence of our

lation (23b) yields the additional result choice of spinor basis in Sec. Il B. This basis is normally
associated with massless fermions, so the presence of mass

CPT invariance=P, —, (t)=P, -, (t). (24D or Lorentz violation means that even with a covariant nor-

malization the corresponding amplitudes are no longer scalar

This property may also provide opportunities to test for Lor-functions under observer Lorentz transformations and hence

entz andCPT invariance. Note, however, that negation of its are frame dependent. However, our basis suffices for pertur-

terms produces a statement that may be false in general, ashative calculations in which the physically significant states

the previous case. are affected only by masses and coefficients for Lorentz vio-

~ Finally, we emphasize that the presenceC8fT violation  |ation that are small relative tgp|, while the complexity of
increases the number of independent oscillation lengths withthe general Lorentz-violating case makes the decomposition
out the addition of sterile neutrinos. In the general case, nonnto a covariant basis impractical. Moreover, despite the
zero coefficients foICPT violation in the effective Hamil-  frame-dependent nature of the calculation, the probabilities
tonian (14) can generate up to six independent propagating21) are frame independent at leading order. In the usual
states, rather than the usual three. case, frame independence follows from the Lorentz-vector
nature of the exact four-moment& ;5), which implies
the productsE(J)t—ﬁ-ff are Lorentz scalars, and from the
The presence of Lorentz violation makes it necessary t@onstancy and frame-independence of the mixing matrix
specify the frame in which experimental results are reportedU¢. It turns out that a version of these properties holds in
Coordinate invariance of the physics, in particular observethe present case, as we show next.

F. Reference frames
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First, we observe that the elements of th& @ matrix  vor QED limit of the charged-lepton sector can be performed

Ip|(heg—|p|) are scalars under observer Lorentz transformain analogy with Eq.(2). It produces the identification
tions at leading order in small quantities. Next, note that the

. . . - R . 1
matrix Uy diagonalizes p|(hes—|p|), so its elements can ak,= E(a,_+aR)§b,
be chosen to be observer Lorentz scalars as well. In turn, this

means that the diagonal eleme[$(E ;—|p|) are also ob- 1
server Lorentz scalars, since they are functions of the ele- b%, = z(aL_aR)gb,

ments of|p|(heg— | P|). From this result, it follows explicitly
that the neutrino dispersion relatioE%)— p 2 are observer

1
Lorentz scalars at leading order, since chy= 5(CL+ Cr)4y
E(ZJ)_I5 2= (E5)+|pN(Ew—Ip) 1
dap= E(CL_ CR)AD » (27

=2|p|(Ey—Ip]). (26)
. where €gr)4y and @g)4, are coefficients in the SME that
The four-momentum is therefore a vector under observe 2 ¥
. . . Eouple to right-handed leptons and therefore leave unaffected
Lorentz transformations to leading order, as desired. Comg,q active neutrinos at tree level. On this basis, it might na-
bining this property with the scalar characterdfy implies a1y appear that the charged sector is sensitive to more com-
that the leading-order transition amplitudes and probabilities)inations of coefficients for Lorentz violation than the neu-

(21) are covariant under observer Lorentz transformations, 3fino sector. However. the mass hierarchy of the charged

claimed. leptonse, u, 7 implies that only coefficients that are diagonal
in flavor space appear in leading-order perturbative calcula-
[l. SENSITIVITIES tions. As a resulte, u, 7 effectively decouple, resulting in
three independent copies of the fermion sector in the
Lorentz- andCPT-violating QED extension. This implies
To date, there is no compelling experimental evidence fothat unsuppressed sensitivity to Lorentz violation in the
nonzero coefficients for Lorentz violation in any sector. The-charged-lepton sector involves only flavor-diagonal compo-
oretical predictions of the size of the effects depend on th@ents. Moreover, the decoupling also implies that certain co-
underlying model. However, the natural scale for a fundaefficients such as,,al , ,a%, are physically unobservable,
mental theory is the Planck massp, which is about 17  further reducing the total number of coefficients affecting
orders of magnitude greater than the electroweak stgle charged leptons. Taken together, these factors ensure that the
relevant to the SM and roughly 30 orders of magnitudeCPT-odd sectors of charged leptons and neutrinos are com-
greater than the scale of neutrino masses, if they exist. It ipletely independent at tree level. Similar arguments apply to
plausible that any observable Lorentz- &bl T-violating ef-  parts of theCPT-even sector as well. We therefore conclude
fects are suppressed by one or more powers of the dimefhat neutrinos are sensitive to a greater number of coeffi-
sionless ratio =m/mp=10"'', wheremis the relevant low- cients for Lorentz violation than the charged leptons, and at
energy scale anthp is the Planck masfs7]. In contrast, the tree level most of these coefficients are independent from
scale of observed neutrino oscillations450.1 eV, which  those accessible with, u, or 7 leptons.
enters as a squared massi’<10 2 GeV. At physically Particularly stringent constraints exist on some compo-
relevant energies, 10 GeV<E<10° GeV, the oscillation nents of the charged-lepton coefficiert&, and b” . Al-
physics is determined by the dimensionless ratip  though these are linearly independent of neutrino-sector co-
=Am?/E?. Remarkably, the two dimensionless ratioand  efficients at tree level, it is natural to ask whether radiative
r, have a similar range, so the natural size of Lorentz- an@orrections to these components can be used to constrain
CPT-violating effects may be comparable to the natural sizpossible neutrino effects. As an example, B8] explores
of neutrino-oscillation effects. the possibility that eV-size effects in heavy sterile neutrinos
Certain experiments in the fermion and photon sectorgould evade the constraints in the charged-lepton sector,
have achieved sensitivities corresponding to dimensionlestnding that within a standard seesaw mechanism the exis-
suppressions of roughly 16° Since the coefficients for tence of largeb*-type coefficients for sterile neutrinos tends
Lorentz violation in the various sectors can be related eithefo produceb* coefficients in the charged-lepton sector that
directly through symmetries or indirectly through radiative conflict with observation. In this work, we neglect seesaw-
corrections, it might seem that existing experimental coninduced coefficients because they are suppressed by the
straints severely restrict the possibilities for Lorentz violationjarge-mass scale. However, it is of interest to ask whether
in neutrinos. In fact, this expectation is incorrect, as we disradiative corrections alter the tree-level independence of the
cuss next. charged- and neutral-lepton sectors.
In the context o, the relevant coefficients arey(), For simplicity, we restrict our discussion to the relevant
and (. )4y, since these appear directly in the charged-a* andb* coefficients, although related remarks apply also
fermion sector of the SME. A decomposition of the multifla- to c#” andd*” coefficients. The leading-order radiative cor-

A. Existing constraints
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rections are linear in the coefficients for Lorentz violation. 102 S S o ]
However, loops involving weak interactions are heavily sup- V \ h
pressed by additional factors at the relevant energies, while 10%
strong interactions play no role. We can therefore restrict )
attention to the QED extension. In this case, general proper-
ties of the coefficients for Lorentz violation under the dis-
crete symmetrie€, P, and T imply that corrections tdo*
coefficients involve only othes* type coefficient$57]. As a
result, although the constraints from charged-lepton experi-
ments may restridb* in the neutrino sector of the SME, the 10°
a* coefficients are unaffected and s is unconstrained.
Thus, the independence of the charged- and neutral-leptor
sectors remains valid for radiative corrections.

F Solat Potential -
024 L <

L (GeVh
P
eN

108

B. General features 10°

In the presence of Lorentz an@dPT violation, a wide
range of unconventional neutrino behaviors can occur. These FIG. 1. Approximate sensitivities of various experiments.
include unusual energy dependence, direction-dependent dfines of constantL/E (solid), L (dashed, and LE (dotted
fects, and neutrino-antineutrino mixing. Specific examples ofire shown, giving approximate sensitivities to the quantities
these behaviors are illustrated in the examples presented {m,ms}, {a*,b* ,H#"}, and {c*",d*",g*"?}, respectively. Also
Sec. IV. Here, we focus on some general features of experishown are the approximate effective regions for the matter potential
mental sensitivities to Lorentz- an@PT-violating effects. in the Sun and Earth.

Some of these have been discussed in the context of the

minimal SME in our earlier work29], but the present dis- a*L, b“L, H#”L, while those generated /", d*”, g*"
cussion holds for the full theoryl4) and generically for are controlled byc“"LE, d“’LE, g“”?LE. More generally,
operators of nonrenormalizable dimension. oscillations generated by a coefficiehg)*  for a Lorentz-

Figure 1 shows an estimate of the coverage in baselingiolating operator of nonrenormalizable dimensior-d
distance L versus energyE of the currently published +3 are controlled byKq)* "LES.
neutrino-oscillation data. Included in the evidence for oscil- Figure 1 illustrates these various energy dependences.
lations are observations of solar neutrinos by Cl- and Gakines of constant./E, L, andLE are plotted, bounding ap-
based experiments37—-40, Super KamiokandéSK) [41], proximate regions of experimental sensitivity to conven-
and SNO[42]; and of atmospheric neutrinos by S86],  tional mass-squared differences, dimension-one coefficients,
reactor-based KamLANIM3], and accelerator-based LSND and dimensionless coefficients, respectively. For each non-
[44] and K2K [45]. Null results include the reactor experi- zero coefficient inhes, a bounding line on this figure exists
ments Bugey[58], CHOOZ [59], Gosgen[60], Palo Verde above which the corresponding Lorentz-violating effects
[61], and various accelerator-based short-baseline experbecome of order one. Given such a line, any experiments
ments including, for example, the high-energy experimentdocated near or above it can be affected by the associated
BNL-E776 [62], CCFR [63], CHORUS [64], coefficient, but experiments below it have limited or no sen-
NOMAD [65,66, NuTeV [67], and the low-energy KAR- sitivity. For example, the region of limiting sensitivity for a
MEN [68]. A number of new accelerator-based experimentdypothetical dimensionless coefficient of magnitud&0™ 18
are likely to produce interesting results in the near futureis bounded approximately by the dimensionless line satisfy-
These include the short-baseline=£500 m, E=1 GeV) ing LE=10'® which is the dotted line running just below
MiniBooNE experiment[69] designed to test the LSND KamLAND. Experiments lying above this line, such as Ka-
anomaly, and the long-baseline.£700 km,E=1 GeV) mLAND, SNO, and SK, could be sensitive to the effects of
ICARUS [70], MINOS [71], and OPERA72] experiments, this coefficient. Note that approximate regions of experimen-
which are planned to test the atmospheric-oscillation hypothtal sensitivity to coefficients ky)* *~ of dimension *-d
esis. Also shown on the figure are the approximate effectiveould also be identified on the figure. They would be
regions associated with the matter potentials for the Sun anbounded by lines of constahtE® with d>1, which have
the Earth. negative-integer slopes.

The unusual energy dependence can be viewed as a con- Figure 1 also reveals that experiments and data allow
sequence of the dimensionality of the coefficients for Lor-probes well below the 10 Planck-suppression level. For
entz violation. The standard scenario for neutrino oscillationsnstance, the various null results from short-baseline reactor
involves mass-squared differencAsn? that combine with and accelerator experiments could be reanalyzed to yield up-
the baseline distandeand the neutrino enerdyto yield the  per bounds on certain coefficients for Lorentz violation.
physically relevant dimensionless combinatidm?L/E. Thus, the high-energy experiments CHORUS and NOMAD
However, Eq.(14) shows that Lorentz-violating oscillations found no evidence of, ,— v, at energie€~100 GeV and
generated by the dimension-one coefficiert$b” H#*  at distances ~10' GeV !, which suggests that reanalyzes
are controlled by the dimensionless combinationsof these experiments would yield interesting new sensitivi-
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ties of roughly 108 GeV to dimension-one coefficients and coefficients &,)% and ()" for Lorentz andCPT violation

roughly 10 ?° to dimensionless coefficients. A similar situa- occurs in the bicycle model of Rdi29]. We emphasize that
tion holds for low-energy experiments such as CHOOZ, Palgesonances due to Lorentz violation can occur in the vacuum
Verde, and KARMEN in thev, sector. From Fig. 1 we see as well as in matter, and not only at particular energies but
that, relative to CHORUS and NOMAD, CHOOZ and Palo g|so for particular directions of propagation. Note also that,
Verde might be expected to have comparable sensitivities tgyen away from the resonance regions, matter effects may be
dimension-one coefficients but reduced sensitivity to dime”Tmportant when considering mass terms or coefficients for

sionless ones, while KARMEN has comparable sensitivity 10 qrentz violation that have lines of sensitivity near or above
conventional mass effects. In each case, the attainable sengis sun- or Earth-potential regions shown in Fig. 1.

tivities also depend on various experiment-dependent factors,
so individual reanalyzes are required to make definitive
statements.

Another unusual effect due to Lorentz violation is
direc.tion-dependent. neytrino .behavior, a consequence of In the LSND experimeniid4], copious numbers of neutri-
rotgﬂon-symmetry violation. Th_ls has consequences fo_r COM- I \were produced from the decay of at rest. This pro-
parisons of results between different terrestrial experiments : s ¥ n
or for the analysis of experiments involving multiple sources,Cess IS d(lnlnated by the dg@ e f_ollowed by
since the orientation of the neutrino beam or the location of+” —€" vev, . A small excess i, was seen, interpreted as
the source relative to the detector can affect neutrino oscilthe oscillation v,— v, with a small probability of about
lations. Rotation-symmetry violation also implies that the0.26%. This result is difficult to accommodate within the
daily rotation of the Earth about its axis induces apparentontext of the conventional global analy$®1], in which
periodic changes of the coefficients for Lorentz violation intwo mass-squared differences are used to describe solar and
the laboratory, which would be manifest as temporal variagtmospheric oscillation data. The solar data appear consistent
tions in neutrino oscillations. These variations occur at mulyyith a mass-squared differend@n®~ 10" eV, while the

tiples of the sidereal frequency,=2/(23 h 56 min.  aimospheric data suggest a second mass-squared difference
Similarly, in the presence of rotation-symmetry violation, A 2—10-3 e\2. The regions of limiting sensitivity to these

Seutring_?f emittted frHOT the Srt:.nhin differen(; direcgons uQl'mass-squared differences are shown in Fig. 1, where lines of
€rgo ditierent oscriations, Which may produce observable, it | /E with values L/E~107 GeV 2 and L/E

annual variations arising from the change in the location oﬁ 10% GeV~2 can be seen. Experiments lying significantly

the detector as the Earth orbits the Sun. All these temporag . . . . o
. . . e : - : low these lines, including LSND, should be insensitive to
variations with appropriate periodicity provide unique sig- ¢ oW ' ' ’ o
bRrop P y P d 9" oscillations caused bym? and Am?. This illustrates the

nals of Lorentz violation in neutrino oscillations. Moreover, = >~ ) o -
they can also yield interesting sensitivities to certain coeffidifficulty in explaining the LSND result within the conven-
cients. For instance, SK found that the shape of the solafional framework without introducing additional mass-
neutrino flux matches the expected value to within about 59$9uared differences. . _

over the vyear [41]. The Sun-Earth distance is A resolution of this LSND anomaly without the introduc-
~107" GeV 1, andLE~ 10 for the SK energy range, so a tion of sterile neutrinos might emerge from the unusual en-
reanalysis of the SK data might achieve impressive sensitiviergy dependence, the directional dependence, or the
ties of ~10 2 GeV to dimension-one coefficients and neutrino-antineutrino mixing introduced by Lorentz viola-
~10 2 to dimensionless ones, comparable to the best extion. For example, equal numbers of,, ve, and v, are
perimental sensitivities achieved for other sectors of theyroduced in LSND, so ifv, mix with je then the observed
SME. excess inve may be a result ob« v, mixing rather than

Another interesting feature of Lorentz violation involves oo Ve Mixing. We note, however, that if the possible direc-

novel resonance effects in neutrino oscillations. In the CONfion dependence is neglected then Fig. 1 shows that a simple

ventional case with neutrino masses, the _usual MS_W r€SQolution based either on the unusual energy dependence or
nanced35] arise when the local matter environment is such — T . .

that neutrino interactions become comparable to mass ef" vev mixing is likely to be hindered by_eX|st|ng null
fects, thereby drastically changing the character of théesults in thev, sector, from Iow-energy experiments Sl.JCh as
Hamiltonian. The presence of Lorentz violation can triggerCHOOZ and Palo Verde or from high-energy experlmer!ts
several other types of effects, including resonances witholfuch @ CHORUS, NOMAD, and NuTeV. Indeed, from this
mass or matter that involve different coefficients for Lorentzfigure we see generically that to explain the LSND result one
violation, resonances involving coefficients for Lorentz vio-needs a mass-squared difference of about ‘1GeV*

lation and mass terms, resonances involving coefficients for 10 * V%, a dimension-one coefficient of about
Lorentz violation and matter effects, and various combina-10 ' GeV or a dimensionless coefficient of about 10

tions of the above. The earliest example of an explicitNote that each of these has consequences for other experi-
vacuum resonance in a two-generation model involving anents, depending on flavor content. For example, the up-
mass term and a single nonzero coefficient)( for Lorentz  coming MiniBooNE experiment is designed to test the same
and CPT violation is given in Ref[25]. An example of a oscillation channel and will therefore be sensitive to all three
vacuum resonance in a three-generation model involving twpossibilities.

C. The LSND anomaly
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IV. ILLUSTRATIVE MODELS

10 41012

To illustrate some of the novel behaviors of neutrino os- -
cillations in the presence of Lorentz a@PT violation, we 10°5}
next consider a number of simple special cases of the theory L
(14) with only one or a few nonzero coefficients. For each 10
case, some of the ways that the unusual neutrino behaviors-~
might affect current observations are quantitatively exam- %
ined. Also, we simplify expressions by adopting temporary g 10
notation for the specific nonzero coefficients for Lorentz vio- ™ 7/
lation within each model: quantities carrying a ring accent, 1020'/\\

i 110*
such asE, denote rotation-symmetric coefficients; while s -
those with a heek accent, such as denote anisotropic co- 107¢ 0 110°
efficients. — e Al ]
1016 C 1 1 1 1 \\\I\\ c 1
. . . -4 3 2 =T 2 1
A. Rotationally invariant models 10 10 10 10 1 10 10
E (GeV)

The rotation-invariant restriction provides an interesting
special limit of the theory(14). While difficult to motivate FIG. 2. Lines of limiting sensitivity forsm?>~10"° eV?, Am?
without knowledge of the underlying mechanism leading to~ 1073 ev?, sc~10 22 Ac~10 Y. The shaded regions are those
Lorentz andCPT violation, rotation invariant or so-called of Fig. 1.

“fried-chicken” (FC) models are attractive because rotation .
symmetry can significantly reduce the complexity of calcu-the _standard Sun_—centered frqme or any other experimentally
lations, thereby providing a simple context within which to attainable frame introduces direction dependence due to the

study the unusual neutrino behaviors arising from LorentZn0tion of our solar system in the CMB frame. The relevant
violation. Hamiltonian then also involves spatial components of the

Restricting hyt to FC terms leaves only four matrices, coefficients, so it differs from Eq(28) and is instead an

~2 0 00 jk_1 Il gk _ anisotropic limit of the theory14).
(m.)ab’ .(aL)ab’ (CL)ap, and (ngab 3(§L?ab6 . As de Although the FC mode(28) is rather limited considering
scribed in Sec. 11 B, the trace{) a,— (CL)ap IS unobservable e yealth of possible effects contained in the full theory

and may be set to zero, so only three of these matrices afg4) and although it has little theoretical motivation other
independent. Dropping the irrelevant kinetic term and asyhan calculational convenience, further study of this model is
suming rotation invariance in the Sun-centerddX,Y,Z)  yseful because it provides a readily workable context within
frame for definiteness, the>66 effective Hamiltonian re- \yhich to gain insight about possible signals of Lorentz and
duces to the block-diagonal form CPTVviolation. This is illustrated in the few simple examples
discussed in this subsection.
(heff)gg: diag{

- 4
m%/(2E)+(a)) "~ 5(c)"TE

’ 1. Example:(c.) 1 #0
A particularly simple FC model consists of a single non-
~ e zero coefficient matrix such as,()1, . Some features of this
m*/(2E)—(a)) —z(c) E| . (28 model are similar to the conventional massive-neutrino case,
ab but there is unusual energy dependence. Here, we take ad-

This Hamiltonian provides a general FC model of three acvantage of this energy dependence to illustrate one type of
tive neutrinos. The generalization to additional light or massMechanism through which Lorentz violation might provide a
less sterile neutrinos is straightforward. solution to the LSND anomaly. .

With the exception of the original proposal for Lorentz Lines of I|2m|t|ng senzsmvny fc_>r the two mass_—squared dif-
violation in neutrinog2] and the recent work in Ref29], ~ ferencesém® and Am” used in the conventional global
which address both rotation-invariant and anisotropic effect@nalysis are shown in Fig. 2. The mixing angles are SUZCh that
with and withoutCPT violation, existing works on the sub- Ve Oscillations are almost completely controlled Byn*.
ject[24-27] involve limited special cases of the general FC Therefore, one can expect to see omly mixing in Kam-
model(28). The bulk of the literature restricts attention to the LAND, in solar neutrino experiments, and possibly in the
two-generation special case and neglects either &@7( lowest-energy atmospheric-neutrino experiments. The ob-
term or the ¢,)"" term. A plethora of unexplored models served atmospheric oscillations are dué\im?, which con-
and effects exists. trols v, < v, mixing. Since LSND lies well below both the

It might seem logical to impose spherical symmetry in adm? and theAm? lines, no oscillations are predicted.
special frame such as the cosmic microwave background Replacing the mass-squared differenc¥a® and Am?
(CMB) frame. However, if rotation symmetry is assumed inwith a nonzero coefficient matrixc();g produces an effec-
the CMB frame then the coefficients in E@8) differ from  tive Hamiltonianh that can be parametrized as described in
(a)",(c)"" in the standard Sun-centered frame, being in-Appendix B, using two eigenvalue differences and CKM-like
stead &,)% (c. )% in the CMB frame. Relating the latter to mixing angles and phases. For simplicity, we choose here to

ab
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mimic the usual solution by taking vanishing phases ancbroximate p— —~1 sinZZG(AELE/Z)ZZO.ZG%. Then. for
613, and we consider only the ca$g; = /4. This leaves TV 2 . o
three degrees of freedom: two eigenvalue differences, an=45 MeV andL=30 m we obtaimAc=2.4xX10""". Thus,

one mixing angledl = 6. It turns out to be convenient to in this simple scenario, these two exp§riments suggest coef-
work with two linear combinations of the eigenvalue differ- ficient values near sf26=0.78 and Ac=2.4x10"%', in

ences, defined by agreement with the estimates of Sec. Ill C.
The remaining coefficienfic can then be chosen to match

observed atmospheric-neutrino effects. The coefficlmis
relatively large in this region and generates rapid oscilla-

tions. Averaging over these for any value 66 leaves a
muon-neutrino survival probability of eithé?,,ﬂ_,,,ﬂzo.54

~0.27sif(&cLE2) or P, ., =0.77-0.73sif(&cLE/2),
The probabilities for this case are then depending on the solution fat. Note that the latter expres-
sion resembles the usual maximal-mixing solution within an
overall scale factor, except for the unusual energy depen-
dence in the oscillation length.
Interestingly, atmospheric electron-neutrino oscillations
1. ) o 20
P, ., =P, ., =1- —sirt26siA(ACLE/2) are present in this model but are largely unobserved due to a
B T 4 compensation mechanism. The averaggdsurvival prob-

o 4
oc= §[(CL)(Tg~T)_ (CL)(TzT)],

. 4
Ac=z[(cL) )~ (D] (29

P, ., = 1-sif20sir?(ACLE/2),

L. S 210 .
—sirOsir[(AL+ 6¢)LE/2] ability |§_ PV_FVe 61%, as above, and the.« v, mixing
. probability is PveHmzlg'S%' The observed flux of atmo-
—cos fsir’( SCLE/2), spheric electron neutrinos is a combination of the survival
1 flux and the appearance flux from mixing with muon neutri-
=) =p = zsinzZ osir’( ACLE/2) nos. Since the ratio of muon neutrinos to electron neutrinos
VeHV# 14 <—>VT 1

is approximately 2, the predicted effective flux of atmo-
1 spheric electron neutrinos is approximately 61%
P, o, =— —sin2205in2(AELE/2) +2(19.5%)=100% of the flux in the absence of oscilla-

! 4 tions, in agreement with indications from existing data. Es-
sentially, this compensation mechanism works because the
disappearance probability—lPVF,,e of electron neutrinos

+cos7-esinz(5°cL E/2). (30 given by Eq.(30) is a factor of two greater than the appear-
ance probabilityPVeH,,ﬂ of muon neutrinos from mixing,

The corre_spondlng antineutrino expressions are |dent!cal. resulting in no net suppression in the total observed electron-
A possible approach is illustrated in the figure. The line Ofneutrino flux

sensitivity for the larger differencAc can be chosen to lie The compensation mechanisper seis independent of
just above CHOOZ and LSND. This produces only a small_ q.antz violation and can be applied whenever R

effect in these experiments and may provide an explanatioQZP including in th ional .
for LSND that may not conflict with CHOOZ. The remaining ~ 2" vev,» INClUding n the conventional massive case.
difference 8¢ can then be chosen to explain atmosphericNOte’ however, that Monte Carlo calculations suggest the

data. The above situation somewhat resembles the conveflux ratio increases dramatically above 2 for energies over
tional mass solution, with the role afm?/2E replaced by about 10 Ge\[73], so the compensation mechanism is likely

AGE and that ofAm2/2E replaced byb‘E:E. The angled is to fail at higher energies. Note also that, in the case of the

the analogue of the solar-neutrino mixing angle. However,above Lorentz-violating model, the rapid oscillations at high

the energy dependences of the two cases differ substantiallgnerdies also help to mask oscillations. Although these
as is also evident from the figure. rapid oscillations can change the overall flux, they also tend

To explore quantitatively how this approach might work, t0 sSmooth away the observabieand L dependences that
consider the positive LSND and KamLAND results. Kam- form the basis for some analyses.

LAND detects?e from distant reactors and found about a Thi; simple model Serves to illustrate a possible strategy
61% reduction in the flux. Most reactors are 138—214 kminat might remedy the conflict between LSND and reactor
— . , experiments, but it may well introduce other conflicts be-
from the detector, and the correspondwlgenerglgs fallin . cen LSND and accelerator experiments testipg v, and
the range 1 Me¥E=<10 MeV. If KamLAND lies well v,—v, [64,69 or v,— v, [66,67. Note also that some
above theAc line, the relevant quantity is the average sur-work has been done to check for unconventional energy de-
vival probability (P, ., )=1—3sin26=61%, yielding a pendences in the atmospheric dffd], suggesting that the
mixing angle given by sit26=0.78. Also, assuming LSND usual energy dependence is preferred. However, these analy-
is in a region of small oscillation effects, then we can ap-ses are limited to two generations and do not consider pos-

+sirtgsin?[ (Ac+ 5¢)LE/2]

Veﬂ I/e
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sible direction dependences @t v mixing. A complete &' E/m’
treatment would also need to include the effects of the )
Earth’s matter potential, which introduces additional energy
dependence. The point is th&gn,~10 22> GeV for the
Earth, and at atmospheric-neutrino energies this is compa- ¢35 [
rable to the contribution fromsc shown in Fig. 2. In any i
case, interesting sensitivities to Lorentz violation could be
achieved with a complete analysis of existing data. 0

CE /6

2. Example: (a),#0, (c);#0

We turn next to an FC model with mixed energy depen- FIG. 3. Solar-neutrino survival probability assuming adiabatic

dence, incorporating only two nonzero coefficienHi)QM propagation(solid) and average survival probability for vacuum

° ° . . oscillations(dashe
=aandj (cL)EEc and no mass terms. This case includes ( it

both Lorentz andCPT violation but remains rotation sym- here
metric. The presence of both a dimensionless coefficient and

a dimension-one coefficient leads to unusual energy behavior

in the vacuum-mixing angles as well as the oscillation
lengths. This contrasts with the previous case, in which only _
the oscillation lengths have unconventional energy depen- 27/Ly=\a’+ c’E>2. (32

dence. Note that bota andc are arbitrary to an unobserv- ) ) o o ) )
able phase’ and therefore they can be taken real and nonn-gje antineutrino pl’ObabI|ItIeS are aga'n Id(zl’ltlcat since the
gative without loss of generality. quantities sifg and L, are symmetric undea— —a. We

The behavior in this model can be understood qualitatemark in passing that this model serves as an example in
tlvely as fO||OWS At |0W energ|e£<a/6 relatlve to the WhICh CPT |S V|O|ated but the trad't'onal test (ﬁPT d'S'
cussed in Sec. |l E fails as an indicator of BET violation.

The solar-neutrino vacuum-oscillation survival probabil-
ity is given by Eq.(313. As usual, depending on the size of

o o o ) o the coefficients, matter effects can drastically alter the sur-
E>a/c, ¢ dominates and only,« v, mixing occurs. At yjya| rates. Consider, for example, a simple matter-
intermediate energigs~al/c, the two terms are comparable dominated case where the matter potential at the poimt, of
and produce complicated energy dependence with mixingroduction dominatehys. Assuming adiabatic propagation,
between all three neutrinos. neutrinos are produced in the highest-eigenvalue state of

This behavior is similar to the observed energy depenh (R=0) and emerge from the Sun in the highest-
dence in the solar-neutrino flux. In the usual analysis witheigenvalue state dfi.s(R=Ry). The overlap between this
massive neutrinos, the observed energy dependence is &tate and an electron-neutrino state is proportional to
plained through matter effects. However, the same type o§ing/\/2. Consequently, the average survival probability for

behavior can appear in Lorentz-violating scenarios eveRhe matter-dominated case in an adiabatic approximation is
without matter. To demonstrate this, we need the probabili-

ties for the current model:

sirf0=a?/(a2+ c2E?),

critical energy a/c, the a term dominates the effective
Hamiltonian. As a resulty, decouples fromve andv,,, so
only vee> v, mixing occurs. In contrast, for high energies

1.
Py, 1) adiabatic™ Esmz 6. (33
P, .y, =1—4sirfocos bsin(mL/Lo)
—sinfosirA(27LILy), (319 In contrast, th_e average for the case where matter effects can
be neglected is
P, ., =1-sir(2wL/Ly), (31b 3
I3 I3 . )
(P, — v )vacuun= 1— 28irf 6+ Esm"’e. (34)
P, _., =1—4sirfocos gsir’(mL/Lo)
— codosin(2LILy), (310 These probabilities are plotted on Fig. 3 as a function of

energy in units ofi/c.
P, =sigsirf(27L/Ly), (31d) The observed flux is consistent with the figure, since low-
eV energy experiments suggest an approximate survival prob-
) . ability of 1/2[38-4(, while higher-energy experiments fa-
P, ., =sin*gcos o[ 4sirf(mL/L) vor about 1/337,41,42. Note that both cases shown in Fig.
3 yield an average survival probability of 1/3 &
sirt(2mL/Lg)], (310 Y g P y

=51/\/§(°:. By choosing the ratic/c to coincide with the
peak of the solaPB spectrum Epea=6.4 MeV), this simple

P = cos'gsir?(2mL/Lo), (31)  massless Lorentz- ar@PT-violating model can be made to

VMHVT
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reproduce the gross features of the observed solar-neutrinty to the analysis. For example, one might consider a com-
flux. This Corresponds to |mpos|rajc 9 MeV. bination of the two examples above which would have four

The above discussion 0n|y depends on the ratio of Coefdegrees of freedom. With additional freedom it seems I|ke|y
ficients. To get a sense of the size of coefficients required ifhat an appropriate simple Lorentz-violating scenario could
a realistic case, we can consider what KamLAND |mp||es forbe constructed that would reprOduce most oscillation data.
3 andé. Taking a representative neutrino to have eneggy This also suggests that existing data analyses appear insuffi-

—5 MeV and baseliné. =200 km and assuming that it os- cient to exclude many forms of Lorentz a@PT violation,
. o o or even to distinguish between oscillations due to mass and
cillates no more than once, the ratdc=9 MeV and the

those due to Lorentz violation.
survival probabilityP;, ., =61% can be used to extract ap-

V*?V

proximate valuegi=7x 10_22 GeV andc=8x10" 2. The B. Direction-dependent andw«s » mixing models
lines of sensitivity for these values on Fig. 1 are approxi-
mately L~10°! GeV ! and LE~10'°, passing just above
KamLAND and intersecting in the solar-energy region
thereby producing the energy dependence seen in Fig. 3.

Lorentz violation naturally allows directional dependence
in oscillation parameters through the violation of rotation
"invariance. An interesting subset of direction-dependent
models are those involving«< v mixing via nonzerog*”?
3. Example: (), #0, ()11 #0 andH*" coefficients in the theoryl4). In the general case,
As a variation on the above model, we next consider g 0NZer0 Vv mixing represents one way to generate as
~o q i many as five distinct oscillation lengths without incorporat-
special FSTcase with nonzero mase?j,,,=m? and coeffi- ing sterile neutrinos. However, we limit attention in this sub-
cient (@) ,,=a’ for Lorentz andCPT violation. This model  section to a simple model that reveals some key features of
has many qualltatlve features of the previous one. At small,. ", mixing. For illustrative purposes, it suffices to consider

energies, the mass controls mixing between and v, mixing in only one neutrino species, say— v,. This case
while at large energiea’ dominates and produces mlxmg may nonetheless have physical relevance, since it implies
betweenv andv, significant effects on reactor experiments and solar neutrinos

The probabilities for this model are given by Eq81),  and might possibly also shed light on the LSND anomaly.
(33), and(34), but with the definitions
1. General one-species model

; — A md 212E2 —
sirfg=m'/(m"+4a’'?E?), The restriction to the two-dimensional.-v, subspace

radically simplifies the form of the effective Hamiltonian
27/Ly=\(M2/2E)2+a’2. (35  (14). Since the coefficientsnf?) . and (. )ee are real, they
lead to terms proportional to the identity that have no effect
The analysis of this model parallels the previous case. Inen oscillatory behavior and can therefore be ignored. More-
deed, Fig. 3 also holds for the solar-neutrino probabilities inover, Eq.(4) implies that H*"C) ., IS antisymmetric in gen-
terms ofm anda’, using the scale shown on the top axis. eration space, soH*"C).=H%L=0. Therefore, the most
Applying the same arguments as before yields the ratigeneral single-flavor theory without mass differences is
m2/a’ =18 MeV and candidate valuesi?=7x10 % eVv2 given by a 2<2 effective Hamiltonian containing only the
anda’' ~4% 102 GeV. coefficients @, )54, and @“"’C)ee=g5« for Lorentz viola-
tion. Note that both these terms &®T odd.
For this general single-flavor model, the probabilities are
identical in form to those of the usual two-generation mixing

A key difference between this case and the prevﬁtfs
model is the asymptotic behavior of the oscillation length. In

thea-c case,L0—>27-r/(f:E) at high energies. In contrast, the

S . case
oscillation length in the presemh—a’ model approaches a
constant at high energiek,— 27/a’. Consider the conse- Prore=1-P, -, =1-P, 5,
guences for atmospheric neutrinos. Note that in the high-
energy limit of both cases, $i6—0 and soP, ., —0, in =sirf20sirt2wL/L,. (36)

agreement with observation. However, the first model . I
However, the mixing angle and oscillation length can have

with c=8x10"%" gives Lo=2m/(cE)=(15 km GeV)E,  npongrivial four-momentum dependence. They are given by
whereas the second model witti=4x10" % GeV yields the expressions
Ly=3100 km. These differ from the usual massive-neutrino
explanation of the atmospheric data, which h&as?=3 2\ ? I(aL)eepﬂ )
X 1072 eV? and results ir_,=47E/Am?=800E km/GeV. (L_o) ?H\/—(ﬂ WPolecel?,
We emphasize that both this special model and the previ-

ous one involve only two degrees of freedom, whereas the l(a)p 2 -1

usual massive-neutrino solution requires two mass-squared Sint2 6= Llee

differences and at least two mixing angles. Including addi- ( Ip|2| V2( 2(€1),P,90%|?

tional coefficients for Lorentz violation can only add flexibil- (37)
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Note that these can also be written directly in terms of thesi?®=0.85 in the summer or winter. This simple model

neutrino-propagation angléd and® defined in Eq(25). therefore predicts a semiannual variation in the solar-
neutrino data.
2. Example: € #0 As suggested in Sec. Ill C, oscillations of into v, may

As an explicit example, we consider a maximal-mixing Provide an alternative approach to resolving the LSND
special case of the general single-flavor model for which th@nomaly. If the LSND result is reinterpreted as an oscillation
gation angle® and®, the oscillation length is found to be cOmparable to the reported value of about 0.26% because
roughly equal numbers of, and v, are produced. Since
mixing in this model is caused by the dimensionless coeffi-
cienté, a reasonable strategy here is similar to that adopted
for the 5c— Ac model in Sec. IV A 1, where a dimensionless

Pfficient is chosen to have its line of sensitivity just above

27/Lo=|Esin®g|, (38)

and the mixing angle is sf@g=1. As in the previous ex-

amples, this case has unconventional energy dependence, . . N
unlike previous examples it includes neutrino-antineutrino, 00Z and LSND in Fig. 1. This causes a small oscillation

mixing and also dependence on the direction of propagatioH1 LSND bu_t avoids the null constrglnts from reactor experi-
through the propagation ange. ments. Taking Fhe energy of a typlcgg to be aboute=35

To illustrate the effects of the direction dependence, con_MeV and the distance o _Ue= 30 m "TLS.ND’ and assum-
sider atmospheric neutrinos detected in the SK detector. Nedf9 that the small transition probability is due tova small
trinos that enter the detector from the celestial north or south/Lo, We can writeP, ., =sin26sin’2aL/Ly=(sin@gLE)?
have sifd =0 and therefore do not oscillate. In contrast, neu-=0.26%. For LSND, the detector is situated approximately
trinos propagating in the plane parallel to the Earth’s equato the east of the source. This implies that the angle between
torial plane have si@=1 and experience maximal mixing celestial north and the direction of propagation of the neutri-
[75]. Analyses of SK data often neglect the difference bemos is near 90°, which results in the estimpge=10"1".
tweenv, and v, so they may be insensitive to this effect  In contrast, the KARMEN detector is located roughly to
because the total flux of electron neutrinos and antineutrinothe south of the neutrino source, at latituge51°. We can
is unchanged. However, the same type of directional depertherefore approximate ® =180°— y=129°. Taking E
dence can arise in more complicated scenarios with=35 MeV and L=18 m for KARMEN yields a tran-
ve—r v, — v, mixing, and this could drastically affect the up- sition probability P, 5 = sinf26sir’2mL/Ly=(SiNOgLE)?
down asymmetry measurements of SK. e

As another example consider KamLAND. which detectszo'%%' This is more than four times smaller than the
. P . X . LSND probability as a consequence of the different propa-
neutrinos from several reactors at different locations. Th

- } egation direction and the smaller distance, confirming that di-
total flux ¢ E) Of ve can be written rection dependence could help reconcile the apparent conflict
between KARMEN and LSND.

In the above model, the directional dependence is rather

limited because the coefficiegt introduces only® depen-
dence. This causes minimal variation for any experiments
S with both neutrino source and detector fixed on the Earth’s
where theg;(E) are the fluxes from the individual reactor . oo .
ere thed;(E) are the fluxes fro e individual reactors surface, since the ang® is fixed as the Earth rotates and is

in the absence of oscillations, ak are appropriate propa- ; .
gation angles determined by the relative positions of the ret_herefore a constant experiment-dependent quantity. How-

actors and the KamLAND detector. We can approximate th&Ve" other coefﬁcients can produce a strgng (.jependence on
positions of the reactors as being located in the plane tangefft 8 well. For instance, suppose we chogsg instead of

to the surface of the Earth at the location of the detector. 18z.c- The result is an oscillation length given byr2L
follows that neutrinos from reactors positioned directly north=|Esin2@Cogp§§é|_ The dependence oh can substantially

and south of the detector ha¥®;=180°~x and ®j=x,  change the nature of an experiment. For purely terrestrial
wherey=36° is the latitude of the detector. In contrast, neu-experiments, where the source and detector are fixed to the
trinos qrriving from.the east or west ha@j:90f’. This  surface of the Earth, it follows thab = w,(T—T,), where
results in an approximate allowed range for hegiven by, ~27/(23 h 56 min is the Earth’s sidereal frequency and
sin2®jzsin2)(, implying that thev, from every reactor expe- T, is an appropriately chosen experiment-dependent offset.
rience some degree of oscillation on their way to the Kam+or solar neutrinosp varies as the Earth orbits the Sub,
LAND detector. However, the net result differs from the flux ~Q (T—T,), whereQ,=27/(1 yeay).

in a comparable rotation-symmetric model with a dimension-
less coefficient.

For solar neutrinos, the allowed range foris given by
sirf®=cog7=0.85 because the Earth’s orbital and equato- The above models demonstrate some of the striking be-
rial planes differ by approximatelyy=23°. The true value havior at different energy scales that can arise from Lorentz
of sir’® oscillates between si®=1 in the spring or falland andCPT violation. Mixed energy dependence among the co-

¢mamE>=§ $i(E)P, o (EL;,0), (39

C. Lorentz-violating seesaw models
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where irrelevant diagonal terms are neglected. The interest-

28
O Min. L, (@ 710" ing eigenvalue difference for this case isA
1026: ————— Min. L., 1 = \/(h1)2+|h2|2_+|h3|2—h1. Suppose that the mixed energy
————— Max. L,,L,, 110 dependence introduced by combinations of masses,
a Min. L s dimension-one coefficients, and dimensionless coefficients
_ 10% - 2 110 enforcesh;> \|h,|?+ |h|? at some energy scale. Expanding
o S i . the eigenvalue difference then yield¥6] A~3(|h,|?
& 1072} > 106 2 +|hs|d/hy+ - - -
~ = -—|\,,'>._\ - ]l = In the bicycle modelh, andhs arise from a dimension-
el S "’\-\. 110t one coefficient and are therefore constant with energyhbut
L e arises from a dimensionless coefficient and therefore grows
1081 = ir ) linearly with energy. As a result, at high energies the eigen-
| | [— =, value difference is proportional %, which resembles the
0] ™ ; usual mass case. Using different combinations of masses and
: e ' ' ' coefficients for Lorentz violation, it is straightforward to
NIRRT (b) construct similar models that produge *, E~2, or E~3 de-
P SN pendence at high energies, Bf, E2, or E dependence at
Qs low energies. More complicatel" dependences are posiible
ol 4 ; gl 2 i s : - Whgn the full Q<6 effective Hamiltonian(14) with v v
107 100 107 1000 1 10 10 mixing is considered.
E (GeV)
FIG. 4. Range gf oscillation pvarameters versus energy in the V. DISCUSSION
bicycle model withc=10"° and a=10 2° GeV. (a) Minimum
(co£®=1) and maximum (cd®=0) of the various oscillation In this paper, we have presented a general framework for

lengthsL ,,=27/A,,,. Note thatl 5, is unbounded(b) The allowed  the study of Lorentz violation in the neutrino sector. The key
range of sif9 and coéd over all possible directions, 9cog®  result is Eq.(14), which represents the general effective
<1, as a function of energy. Hamiltonianh.¢ for neutrino propagation in the presence of
Lorentz andCPT violation. We have extracted theoretical
implications of this Hamiltonian and have initiated a study of
Fxperimental sensitivities to the predicted effects. The vari-
gus simple models of Sec. IV illustrate some of the key
ysical features and offer numerous options for future ex-

efficients for Lorentz violation inhgs can also lead to a
Lorentz-violating seesaw mechanism that occurs withou
mass and only in particular energy regimes. This can lead t
counterintuitive phenomena, such as the appearance of X
pseudomass in the bicycle model of R&9]. In this model, P oration. . .-

an oscillation length emerges at high energies that behaves, OUr analysis shows that the data from existing and near-

similar to a mass-squared difference, even though no mas Jture neutrino experlmgbnlts Lcould be.ulseld to ?rttaln n:\;erest-
squared differences exist in the theory. ing sensitivities to possible Lorentz-violating effects. More-

The bicycle model has nonzero coefficientéc, )l over, the existing analyses appear insufficient to exclude the

4 37 oo 2 7~ i possibility that some or perhaps even all the established
=5(cl)ze=2c and @ )g,=(a)e,=a/\2. The basic be- eyt oscillation signals are due to Lorentz violation.

havior of the oscillation lengthd ,,=2/A,, and the An interesting open theoretical challenge is to identify
energy-dependent mixing angfeare illustrated in Fig. 4. A" from the plethora of available choices one or more elegant
key feature is that at high energies the line associated withodels with features compatible with observed data, prefer-
the oscillation lengthlL 3, resembles that from a nonzero gply involving only a small number of degrees of freedom.
mass-squared difference. It turns out that the resulting highone simple candidate is the bicycle mo@28], which has
energy dynamics reduces to two-generation maximal mixingno mass-squared differences and only two degrees of free-
PVMHVTZSIHZ(AW%LME), with a Lorentz- and CPT-violating  dom rather than the four used in the conventional massive-
pseudomasAméFézcosz@/c. neutrino analysis, but which nonetheless reproduces the ma-
Unexpected effects of this type can be expected whenevg@r observed features of neutrino behavior. This and similar
the low- or high-energy limit oh. contains degeneracies. models offer one possible path to explore, but it is likely that
Consider, for example, a>33 Hamiltonianh.x for which many other qualitatively different and interesting cases exist.
there exists a basis, not necessarily the flavor basis, in which On the experimental front, confirming or disproving these

we can write ideas would involve analysis of existing and future data to
seek a “smoking-gun” signal for Lorentz violation. In the
2h; hy hg remainder of this section, we summarize some possible
he=| h 0 0 (40) smoking-gun signals and then offer some remarks about ex-
eff ' perimental prospects for detection of Lorentz &@T vio-
h3 0 0 lation.
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A. Generic predictions ics. In this context, note that the directiprof solar neutrino

The numerous options for coefficients for Lorentz andPropagation in the Sun-centered frame is uniquely given by
CPT violation and the size of unexplorddversusE space p=(—cos,T,—cosysinQ,T,—sinysinQ,T), where 7z
are impediments to a completely general analysis. An alter=23.4° is the angle between the Earth’s equatorial and or-
native strategy to uncover evidence of Lorentz violation is tobital planes. We remark in passing that suppressed annual
seek model-independent features that represent characteristi@riations can also arise indirectly as boost-violating effects
signals. We list here six classes of signal. Confirmed obsef-15,16,21,22in experiments with terrestrial and possibly at-
vation of any of them would be evidence supporting themospheric neutrino sources, as a result of the noninertial
existence of Lorentz violation. nature of the Earth’s motion around the Sun.

Class I: Spectral anomalie€ach coefficient for Lorentz Class IV: Compass asymmetriekhis class also results

violation introduces energy dependence differing from thdrom rotation—invariance violations, but the signals are inde-
-gendent of time. They can be characterized as the observa-

constant inE or inversely proportional tE to some power tion of unexplained d|rect|o_nal asymmetries at the Io_catlon
. . o of the detector. For terrestrial and atmospheric experiments,

would constitute a clear signal of Lorentz violation. Note : : o
averaging over time eliminates the dependence on the

that combinations of masses, dimension-one coefficients, di-_ " . .
neutrino-propagation angte, so the result depends only on

mgreg?;glquﬁ-ccaigglcéigtrs’ agg rgr?gee:m%zte.ﬂt'?)Ié’tﬁagsgrlfa(z%ce%ergy and the angl®. Rotation-symmetry violations can
Pl gy dep ' Maliog, o refore cause a difference in observed properties of neutri-

lengths "’?”d mixing angles. In general, a mixing angle Shos originating from different directions. Note that the east
c_onstgnt in energy only if all relevant coefficients for Lorgntzand west directions are equivalent under the averaging pro-
violation, masses, and matter effects have the same dime

sion, which requires no more than one of these to be prese ess, since thé dependence is eliminated, but direct com-
’ q : . . P arison of the north, south, and east directions would be of
Class IlI: L-E conflicts.This class of signal refers to any

i X . interest for these signals. Note also that thedependence
null or positive measurement in a region lofE space that

conflicts with all scenarios based on mass-squared differt—ypic"jIIIy introduces vertical up-down effects and could in-
; 1 Mass-sq .~ clude, for example, modifications in the up-down asymmetry
ences. For example, consider a solid line in Fig. 1 passin

. - Passingy atmospheric neutrinos. We remark also that compass
through CHOQZ.Ameasu_rement ofsubs_tan.tlal OSC'"at'On_'nasymmetries can carry information completely independent
the v, sector in any experiment below this line would be in of the information in periodic variations. This is seen in the
direct conflict with a mass-based interpretation of thegyxample in Sec. IV B 2, which ha® dependence but n®
CHOOZ results. Signals in this class might best be sought byjependence and consequently predicts compass asymmetries
searching for oscillation effects in each species of neutrinQyithout sidereal variations.

and antineutrino for regions df-E space in which conven- Class V: Neutrino-antineutrino mixing-his class of sig-
tional oscillations are excluded. Of the six classes of signaha| includes any appearance measurement that can be traced
discussed in this section, this is the only one for which ther(%0 ves oscillation Any model with nonzero coefficients of

is presently some positive evidence, the LSND anomaly. type g or H exhibits this behavior, including the class of

Class lll: Periodic variationsThis class involves signals simple one-species models discussed in Sec. IV B 1. Note

e o amenl .Gl s s of sgnl invoies fepton-number voaion
) ) Class VI: Classic CPT test: fgﬂaaﬁ P, . Thisis the

first sidereal variations, which have been widely adopted as | _ _ Ya = Vb’ _ )

the basis for Lorentz-violation searches in other sectors offaditional test ofCPT discussed in Sec. Il E, involving vio-
the SME. In terrestrial experiments with both the detectori@tion of the result24a. A related signal would be violation
and the source fixed on the Earth, the direction of neutrin®f the second result, Eq24b), which also involvesy« v
propagation relative to the Sun-centered frame changes dumixing.

ing the sidereal day due to the rotation of the Earth. The

induced periodic variation of observables with time repre- B. Experimental prospects

sents a signature of Lorentz violation. In the Sun-centered We conclude with some comments about prospects for
frame, the neutrino-propagation angle is constant for a Lorentz- andCPT-violation searches in the major types of
fixed source, but the angte varies periodically according to experiments. Table | provides a summary of the present situ-
P=w,(T—T,), whereT, is an experiment-dependent time ation. The left-hand part of the table contains three columns
at which the detector and source both lie in a plane parallelith information about coefficients for Lorentz violation.
to the XZ plane with the detector at larger valuesXfThe  The first column lists combinations of coefficient matrices
resulting neutrino-oscillation probabilities exhibit periodic relevant to neutrino propagation, extracted from the general
variations at multiples of the sidereal frequeney,. The  Hamiltonian(14) and separated according to rotation prop-
second class of periodic signals, annual variations, can alserties into timelike T) and spacelikeJ) components in the
arise directly from rotation-invariance violation. For solar- Sun-centered frame. The second column lists the maximum
neutrino experiments, the source is the Sun and the detectaumber of independent degrees of freed®@®F) associated
changes location with time as a consequence of the orbitalith each combination of coefficient matrices. These num-
motion of the Earth about the Sun. One can therefore expedfers can be obtained by examining the form of Bdl) and
variations at the Earth orbital frequen€),, and its harmon- using the symmetry properties in generation space listed in
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TABLE |. Experimental prospects.

Coefficients Estimated sensitivities from Fig)
Matrix DOF Signal classes  Solar  Atmospheric Reactor Short base. Long base.
(a)T” 8 LILVI -27 -23 =21 -19 =21
(a)’ 24 LILILIVVI —27 -23 =21 -19 =21
(c))TT=(c)”? 8 Il —-25 —24 —-19 -21 -22
3(c)™ 24 LILIIV -25 —24 -19 -21 -22
1(c )R- L §K(c)TT 40 LILILIV -25 —24 -19 =21 -22
EJJLI—EJKLE;KL 36 LILILIV\VVI -25 —24 -19 =21 -22
%Q(JK),%@JK@LL 60 LILILIV,VVI —-25 —24 —-19 —-21 —22
HY 18  LILILIV,V —27 -23 =21 -19 =21
(CHLEE var. LILILIVVVI —-27+2d —-23—-d —21+2d -19-2d -21-d

Eq. (4). In certain specific models, some of these degrees dfkely to make this practical only in relatively simple cases
freedom may be unobservable. The third column displays theuch as the FC mod¢R8). Of the other classes of signals,
classes of signal that are relevant for each coefficient matrixperiodic variations and neutrino-antineutrino mixing may be
using the nomenclature of the previous subsection. The righthe most relevant to solar neutrinos. The periodic variations
hand part of the table contains estimated attainable sensitivin observables would occur at multiples 8f, , appearing
ties, classified according to each of five types of oscillationgespite compensation for the flux variation due to the eccen-
experiments. Each entry in the table represents the base-}ity of the Earth’s orbit. Direct detection of any antineutri-

logarithm of the expected sensitivity to the correspondin o . —
coefficient for Lorentz violation. The sensitivities shown ingnos originating from the Sun would be evidence 165 v

the table can be obtained by examination of Fig. 1. Given aﬁnixing and hence of possible Lorentz violation.

experiment with maximuni coverage ofL ., and maxi- _ Atmosphenz—ngutnno _exper|menlS|m|I|ar_to|3(|)lar neu-
mum E coverage of,,,, the crude sensitivity to a coef- trinos, atmospheric neutrinos cover a relatively large region

ficient for Lorentz violation of dimension4d is taken to be  °f L-E space, but complications from matter effects hinder a

o~ —1ogLna— dI0gE . FoOr simplicity in the presentation, general spectral-anomaly search. However, Fig. 2 shows that

it is understood that the sensitivities listed for the dimensionS€&rches for atmospheric oscillations at the highest energies

one coefficients, ,H are measured in GeV. The final row of and largest distances could reveal oscillations absent in the

the table contains a rough estimate of sensitivities measur ual solut!on, thefeb-‘/ prp\{ldmg evidence 'f_OiE.COHﬂICtS.
in GeV:~9 to a generic coefficientk),) for a Lorentz- tmospheric neutrinos originate from all directions, so they
violating operator of nonrenormalizat)‘lhe- dimension- d are an ideal system for directional-dependence searches. Not

+3. Some caution is required in interpreting the latter nu—g.nly tgre tlhey SE.T.?.'We ft% st|detreal varrl]anongkbut lflsot the
merical estimates because the coefficielks),(.. are ex- Irectional capabililies ot detectors such as make atmo-

pected typically to be suppressed thylependent powers of spheric neutrinos perha}ps the most promising place to search
the Planck scale for compass asymmetries. Moreover, since atmospheric data

The table confirms that Planck-scale sensitivities to Lori" V0V both neutrinos and antineutrinos of two species in

entz andCPT violation are attainable in all classes of experi- com_pargl?le numbers, it may be possible to address both
ment, with the most sensitive cases potentially rivaling the?<> ¥ mixing and the classiCPT tests(24a and (24b).
best tests in other sectors of the SME. Note that the estj- Reactor experimentdluclear reactors are good sources of
mated sensitivities assume order-one measurements amd, and they are therefore well suited to searchesvferv
therefore may underestimate the true attainable sensitivity imixing. Since both the sources and the detectors in all these
any specific experiment. Note also that a variety of expericases are fixed, the experiments are also sensitive to sidereal
mental analyses are needed to extract complete informatiorariations, and some may have additional sensitivity to com-
on Lorentz andCPT violation, with no single class of experi- pass asymmetries. For example, the reactor experiment
ment presently in a position to provide measurements of &amLAND detected neutrinos from multiple reactors and
complete set of coefficients. In the remainder of this subseddifferent locations. Experiments with multiple sources such
tion, we offer a few more specific remarks about each type ofo this can analyze their data for compass asymmetries that
experiment. depend on the direction to the various neutrino sources.
Solar-neutrino experiment$he abundance and quality of ~ Short-baseline accelerator experimentsSND already
the current solar-neutrino data make these experiments seems to suggest a positiveE conflict, which will be tested
promising avenue for Lorentz-violation searches. The relaby the forthcoming results of the MiniBooNE experiment.
tively large range of solar-neutrino energies suggests intetMany of these short-baseline accelerator experiments are es-
esting information about spectral anomalies might be obpecially interesting for signals based &nrE conflicts be-
tained, but complications introduced by matter effects arecause they operate in a regionlofE space where the con-
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ventional mass scenario predicts no oscillations. SidereaksT/T,=2x10 2 We can then make a simple dimensional
variations can readily be sought by experiments such agstimate of the sensitivity of this method to various terms in
CHORUS, KARMEN, MiniBooNE, NOMAD, and NuTeV, h. This suggests a sensitivity of aboy200 eV to mass
since each has a fixed source and detector. Note that therms, 2<10 * GeV to dimension-one coefficients, and 2
existing data from these experiments could in principle con-x 1012 to dimensionless coefficients. The mass estimate
tain a positive signal for sidereal variations because the putagrees with the result of a detailed analysis along these lines
lished null results are based on an average over time. TH&8]-

well-defined flavor content of the sources for these experi- Lorentz violation may also be relevant to direct mass

ments may also offer sensitivity m?signals and to the searches such as the proposed KATRIN experirfig2it de-

classicCPT test. Some of these experiments, such as Mini—Slgned to measure directly the, mass to better than 1 eV.

BooNE and NuTeV. mav be particularly sensitive to LorentzWithm the currently accepted solution to the oscillation data,
. » may be pal y . a mass matrix with eV-scale masses but mass-squared differ-
violation because they can switch from a predominatgly

i ences of 102 eV? and 10 ° eV? would be nearly degener-

source to a predominately, source. ate. This seems unlikely in light of the charged-lepton mass
Long-baseline accelerator experimentSeveral future hijerarchies. However, suppose that the mass matrix is nearly

long-baseline accelerator-based experiments, such afagonal and that neutrino oscillations are primarily or en-

ICARUS, MINOS, and OPERA, are planned to probe thetirely due to Lorentz violation instead. Then, individual

GeV region ofL-E space at distances of hundreds of kilo- masses of eV order or greater may be present with little or no

meters, and some results in this regime have already beasifect on the existing neutrino-oscillation data, but they

reported by K2K. These experiments can search for oscillawould produce a signal in the KATRIN experiment.

tions in v, obtained from meson decays, and they are de- Another area of widespread interest is the search for neu-

signed to test the atmospheric-oscillation hypothesis. Nonérinoless double-beta dec4$3]. This decay mode is an in-

theless,L-E conflicts are still possible: a measurement ofdicator of lepton-number violation, which can result from

v,—ve, for example, would represent an-E conflict be-  Majorana-type couplings introduced by Majorana masses or

cause this oscillation is absent at these energies and distandgs gauge-violating coefficients for Lorentz violation. Many

in the conventional scenario with masses. The data obtainesf the null results of searches for neutrinoless double-beta

can be also analyzed for sidereal variations, since in eacliecay could therefore be reanalyzed to yield constraints on

case the source and detector are fixed. Moreover, except fgertain types of Lorentz violation.
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Other experimentsExperiments designed to search for
neutrino properties other than oscillations can also address APPENDIX A: EFFECTIVE HAMILTONIAN
Lorentz violation. To some extent, most experiments are sen-
sitive to sidereal variations and compass asymmetries. The This appendix presents some details for the derivation of
other signals discussed in Sec. V A are more unique to nedhe effective Hamiltonian(14). We first perform a spinor
trino oscillations, but analogous signatures are likely to arisélecomposition of the Hamiltonian in the mass-diagonal Ma-
in most cases. jorana basis. The result is then block diagonalized in the

One possible test of Lorentz invariance involves a direclight-neutrino sector and transformed into the original weak-
comparison of velocities of supernova neutrinos and phointeraction basis. We remind the reader that generation indi-
tons, such as those from SN198724,77], which could be ces in the mass-diagonal basis #&é=1,...,6 forN=3
performed either by some of the experiments listed above gneutrino species, while the restriction to light neutrinos in
by neutrino telescopes. A similar method has been applied ithis basis is represented by indicas=1,2,3. Also, in the
the photon sector, where the velocities of different polarizaflavor basis, upper-case indices take the valuas
tions are compared22]. Another method that could be =e,u,7,e% u%, 7 while lower-case ones spar=e,u, .
adapted to the neutrino case is a simple pulse-dispersion
analysis. The energy dependence and the independent propa-
gation of eacth4 eigenstate imply that different components
of the neutrino pulse propagate at different velocities, caus- In this section, we project the Hamiltonian onto the mass-
ing the pulse to spread. For SN1987A, all the observed neUess spinor basis used in H30). This corresponds to choos-
trinos arrived in a time interval of abo#iT=10 s and had ing a convenienp-dependenty-matrix basis that allows us
energies E=10—20 MeV. Since these neutrinos took to write the equations of motion in terms of teand d
roughly To=5x10'? s to reach the Earth, we can crudely amplitudes.
estimate that the maximum difference in velocity across the Working in the mass-diagonal basis, the Hamiltonian is
AE=10 MeV energy spread of thie.4 eigenstates i$v/c given by

1. Spinor decomposition
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Harg (P)=Honrg (P)+ 6Harg: (D),

Hoarg (P)= Y2y P+ M(ary) Sarg’
= 1 oo (2 >\ 00
5HA'B'(p):_§[Y Ol Ho(p) +Ho(P) Yy~ ol ] arp
+9%(8T-p+ M) prp: . (A1)

It turns out to be useful to decompok&, 5, andM /g in
terms ofy matrices, as in Eq.2). Therefore, we write

—_ .0 0
Tag=7Uany I'2e(Ugrp)’
:7V5A'B'+CK:}B’7/.L+dX’VB”YS’)/,U.+ e;,B,
1
ez Auv
+|fArBr'y5+ EgArBro-)\’uy
— .0 0 T
Marg =7y Uaay Mag(Ugrs)
=mA/B/+im5A/B/75+aX,B,yM+ blAL,B,’)/5'}/,u

l 14
+ 5 H,

SHAB T (A2)

We begin the spinor decomposition of the Hamiltonian
(A1) by considering the Lorentz-covariant terms. The prop-
erties of the massless spinor basis imply that the only non-

zero projections of the kinetic term are

UE,R(F;)(VO;"F; 5A’B’)UL,R(5)

= _UTR,L(_ P)(¥°y'P Sas)vrL(—P)
=[Pl dnrar (A3)
while the surviving projections of the mass term are
UI,R(F;)(J’Om(A')5A'B')UR,L(_5)
=U R(PIVRL(—PIMandue  (Ad)

and conjugates. The quantitiag r(p)vr . (—p) are phases

that can be chosen arbitrarily by changing the relative phase

betweenu, g(p) andug(—P)=Cu] r(—p).

For the spinor decomposition of the Lorentz-violating

terms in the HamiltoniatAl), we define the X2 matrices

.-
b e [ul) o
Apg/(P)=Aga(P)=| 1 = |6Hag (P)UL(P),Ur(P)],
Ur(p)
(A5)
= =1 = [ul(p) R
Apg(P)=—Ag a(—p)= u;(ﬁ) 6Hprg (P)

X[vr(—p),wL(—p)]. (AB)

PHYSICAL REVIEW D 69, 016005 (2004

It can be shown that the mass-basis analogs of the re-
lations (3) are I',5=—C(g)'Ct and Map
=C(Mg/a/)"C™L. Note that this corresponds t6—l,
which reflects the Majorana nature of neutrinos in this basis.
These identites may then be used to show that
C'Y'Harp/ (p)Y°C=—[Hag (—p)]*. Finally, with the
aid of the relationvg (p)=Cu/ x(p), it follows that the
remaining terms in the spinor decomposition are given in
terms of A andA by

- [vRC=P) L
_AA’B/(_p)z UT(—IS) OHprg (P)LUL(P),Ur(P)],
) (A7)
. - [vk(=P)
e TP )
L
X 8Harg (P)[vr(—p).oL(—P)].
(A8)

This implies that the X 2 matricesA 55/, A determine
the Lorentz-violating effects.

Combining the above results, we obtain the spinor-
decomposed Hamiltonian appearing in EtR):

Harg(P)=H{, A (D)

p| Mary 7(P)
:5A’B’ " o N
—Man 7" (—p) —|p
Anarg(P) Aars(P) o)
_7\:\’8’(_5) _A:/B/(_F;) ,

where 7 is the 2xX2 diagonal matrix of phases( p)
=—n(—p)=diadu (p)vr(—P).Ur(P)vL(—P)].
We seek an explicit expression fary/g: . The next sub-

section shows that the effects &f,, 5 are subleading order,
so we concentrate here on the projections\in g, , which
involve the spinoray, andug. It is useful first to find ex-

pressions for the quantitiesTa{l,ys,y“,ysyf‘,a/”}uﬁ,
wherew,3=L,R. We obtain the following nonzero results:

Ua’}’/'LU'B: p#b‘a,@” p|1
ua’)/S’y'UduB: Sap#(saﬁ” p|’
UL(TWUR:(URUWUL)*

=iV2(p (e, )"—p"(e)™|p],
(A10)

whereS, =1, Sg=—1, p*=(|p|;p), and (. )* satisfies the
relations(15). With these results and Eq#1) and(A2), we
can extract the projections obH onto u, and ug:
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[(@a+b)*p,—(c+d)*' PP laer  —iV2p,(€.), [0 Py~ H" Inrp:

= , (A11)
1]\ iV2p,(€0)5[g"" Py~ H " Targ:  [(@—b)#p,—(c—d)*"D,p,]arer

A'B' =

In this expression, we neglect off-diagonal terms entering agjsing (*) andH?) =+, . which depends on bote?) and €2,
mass multiplied by coefficients for Lorentz violation, since \yao can finde and then continue iteratively to arbitrary
in most situations these terms are suppressed relative to thoﬁ?der

above. Under the transformatiot?, the Hamiltonian restricted to

light neutrinos may be written
2. Block diagonalization

The above spinor decomposition of the Hamiltonian is

independent of the specific neutrino mass spectrum. To make hy/5(P) 0
further progress, we adopt the scenario described at the be- Hipr = . - . (A15)
ginning of Sec. Il B and restrict attention to ultrarelativistic 0 —hZ 5 (=p)

dynamics in the subspace of light neutrinos, spanned by the

a’ indices. The Hamiltonian is then dominated by the diag-

onal kinetic term in Eq(A9). The upper and lower diagonal Calculatingl/ to second order in small quantities yields the
blocks of this term have opposite sign, so they differ by ansecond-order Hamiltonian

amount large compared to both mass and Lorentz-violating

terms. This in turn implies that standard perturbation tech-

nigues to remove the off-diagonal blocks can be applied. As

a result, terms in the off-diagonal blocks of E&9) appear  has(P)= 33 a’ab’b’[
at second order in the block-diagonalized form. One conse-

guence is that the leading-order mass contribution appears at

second order, whereas certain forms of Lorentz violation ap-

pear already at first order. This feature can ultimately b
traced to they-matrix structure of the Lorentz-covariant por-
tion of the theory.

1 R
|p|+ |p| (a)) a’b’+Aa’b'(p)}-
(Al6)

Srhis expression neglects terms that are second order in co-
efficients for Lorentz violation and terms that enter as the
Provided the conditionsn sy |Aay|, Aal<|pl| are product of me,/|p| with A. The latter terms constitute

satisfied, the block diagonalization of E@\9) can proceed Subleading-order corrections under the reasonable assump-
through the perturbative construction of an appropriate unition thatA andA are comparable in size.

tary matrix (. First, write/ in the form =1+ M+ &2 While formally the two bases related byare different, in
+ ..., wheree™ is of nth order in the dimensionless small practice this difference is of little consequence. Our main
quantmesm(a )/|p| b’ /|5| and A a’b’ /|§| The block- goal is to determine oscillation probabilities. The effects/of
diagonal Hamiltonian resulting from this transformation canappear in the mixing matrix and therefore modify the ampli-
be expanded in a similar fashion: tudes of oscillations. However, sin¢éis close to the iden-
tity, the basis change produces only tiny and unobservable
Hab =UzrarHa /b/ub,b, changes in oscillation amplitudes. It therefore suffices in
practice to assum&=1 for purposes of the basis transfor-
= Hé )b H(l,i), + H(z,)b,+ mation, corresponding to ignoring the difference between the

(A12) a’ anda’ indices. Similar arguments apply to the field re-
_ N definition relatingr andy. This also underlies the validity of
2br 18 nth order in small quantities. The assuming unitarity mixing matrices in the conventional case

zeroth-order ternH( is the usual kinetic term, which is with neutrino mass, even though the subma¥fix, is only

a’b’ . . . . . .
already block diagonal. The first-order tenﬁé,b, can be approxmately.unltary. In contrast, the dlagonallz_a_tlomlm
Eqg. (A16) can introduce arbitrary amounts of mixing.

made block diagonal by an appropriate choiceebf. A oo A . .
suitable leading-order transformation is The above description in the mass-diagonal basis com-
pletely determines the neutrino dynamics, but in practical

where eachH!"-

5 0 o (P) situations a description in the weak-interaction basis is more
E&%)k),:_a'f/ ( . oo ) . (A13)  useful. This requires the transformationtgfy, to the origi-
2 2lpl \ p(—P) 0 nal flavor basis.

The first step in implementing the desired transformation
where is to determine the relation between the coefficients in Eq.
A ) o ) (2) and those in Eq(A2). In terms of the unitary matrix
€arb’(P)=M(ar)Sary 7(P) + Aarpr(p).  (Al4) Vs, we find
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14 14 2
Chrgr =Re&VaaVE g(ctd)as, m(a’)éa’b':Va’avsz(mlmIT)ab:V;'aVb’b(mlmlT);(b. )
A20
diys =ilmVa aVa o(c+d)Ag, . _ :
A'B aaVea(CTd)ap Combining results yields the desired form

eA,B, ||mVAIAVB!B[(e+|f) C]AB' 1 .
|p|+ | | (a) a’b’+Aa'b’(p)
if), 5 =ReVaaVg[(e+if)Clag, P
1 1 Va'a 0 )(h ) Vgrb 0 )
v v = ff/ab ’
zgi\/’j’B' ReVA'AVB'BE(QM C)ag 0 Vi, L 0 Vi
1 (A21)
ANpupo( Vv
~IMVaaVes 7 €77(9,,0) 8. wherehgg is given in Eq.(14).
Margr =ReVa AVg gl (M+iMs)Clag=Mar)Sarp , APPENDIX B: MINIMAL SME TERMS
iMmsagr =i1IMVaraVe gl (M+ims)Clag=0, Restricting attention to the coefficients 4, ,(a )%,
which are contained in the minimal gauge- mvarlant SME,
a’,.,=ilmVa aV¥,.(a+b)’a, effectively decouples neutrinos and antineutrinos and pro-
A'B aaVeal Jhe duces vanishing transition probabilitiéxlc) and(21d). This
v v appendix describes a useful parametrization of these coeffi-
bY, 5 =REVAAVE, (2 +h)%s, PP P

cients.
1 Each coefficient matrix for Lorentz violation can be pa-
ZHMY = ImVA’AVB’B (H ") ag rametrized with three eigenvalues and a constant unitary ma-

2 A'B trix. We define
. 1 mv
HiR&Va Ve 7 € (HyoCps.  (ALT) ) (@ 0 0 )
(com=(0mt 0 (el O |Ow
Note that all the coefficients in the mass-diagonal basis are 0 0 (et
either pure real or pure imaginary, reflecting the Majorana (B1)
nature of neutrinos in this basis. Using this equation, we
obtain for each coefficient matrixq )*” and
[(a+b)/’«pﬂ_(c_f_d)llf”p,upy]a,b, (aL)é’dl) 0 0
=[(a+b)“p,—(c+d)*"p,p,lapVaraViry (a)#=UmT 0 (a)p 0 |0* (B
0 0 (aL)(s)

[(a_ b)#p,u,_ (C_ d)’uyp,upv]a/b/

Y for each coefficient matrixg| )#. The unitary diagonalizing
=[—(a+b)*p,—(c+d)*"P,P, T3V Vs

matricesU#”,U# are chosen so that if there is only a single
nonvanishing coefficient matrix thed.y in Eq. (19 takes

—i\/Epﬂ(eJ,)v[g“V"p(,— H* Jarpr the block-diagonal form

= —i\2p(€),[ (g 7Py —H"")ClapVaraVprb 0 o
. Ueri= . B3
|\/Ep,u(€+):[ngpo_HMV]a’b’ e ( 0 0*) "9

=iV2p,(€)5[(9" Pyt HE)CIRV S Vi, The reader is warned that the above decomposition is frame
(A18)  dependent, so neither the eigenvalues nor the mixing matri-
ces behave as tensors under observer Lorentz transforma-
using the assumption that the submawix , is unitary. tions. We therefore advocate restricting this type of decom-
Within a standard seesaw mechanism, the right-handeposition to the standard Sun-centered celestial equatorial
Majorana-mass matriR appearing in Eq(8) is large,|R|  frame.

>|L|,|D[. Calculating the matrixv,g at leading order in Adopting a CKM-like decomposition of the) matrices,
small mass ratiofL|/|R| and|D|/|R| produces the identity e denote mixing angles and phases associated with each
_ (c)*” by 075,045,055 and 8%V, B4 ,B5" . Similarly, for
Mea)8arbr = VaraVorb(M)ab, (A19) each @, )" we erte 612, 64y, 045, and5#7, B, B4 . The
wherem,=L—DR™!DT, and hence the relation U matrices may then be written explicitly in the form
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—ist” —isH”

M AMVAMY
C12C13

_ QMVAHY _ ARVGRV QY UVGHY _ AUV ARV GHY
S12C23 —C12523513€ S12S23 —€12C23513€ 1 0 0
~ AV SV UV ALY UV UV iV o— i PV _ AMVQUY _ QM V ARV oV a—i O iV
Ouv=| S12C13  CipCo3—S1,523513€ C12S23 — 510535138 0 ¢ 0 |, (B4)
i SHV LV ALY N2 L omv
sys¢€ $53C13 C23C13 0 0 ¢A
[ chck, —ghol —chehale 1" ghgh _chcokghe i 1 0 0
12013 12023~ €125255139 125237 C12023513 .
~ ) . i3 0
—| gtck T N T T Ny S T Ty e ¥ L 0 €A
Uk=] S12C1z  ChCo3— S155,3513€ 12823~ S12C23513€ E (B5)
i 5" Y o 0 0 gk
L siz€' S23C13 C23C13
|
where shy=sinby , chy=cosy, sh,=sindy,, and ck,  Also, each coefficient matrix is associated with three mixing

=Coh L.
In the conventional massive-neutrino analysis, ghma-

angles and three phases. It follows that the maximum num-
ber of gauge-invariant degrees of freedom that enter into

trix of phases can be absorbed into the amplituolgg;p)  neutrino oscillations in the minimal SME alone is>48 for

andd,(t;p), so these phases are normally unobservable anf- 2nd 4<8 fora, , for a total of 160. However, some of
can be neglected. However, in the present context, only onk'€S€ are unobservable. The 8 trace compongpic, )”
set of 8 phases may be absorbed in this fashion. The presd’® Lorentz invariant, and both these and the
ence of multiple coefficient matrices for Lorentz violation 6 8-component antisymmetric piece af (*” are absent in
imp”es that they cannot typ|ca||y be neg|ected_ the |eading-0rder Hamlltonlaﬁ.4) This leaves 104 Ieading-
Neutrino oscillations are insensitive to terms in the effec-order degrees of freedom & andc,, in agreement with
tive Hamiltonian that are proportional to the identity. Conse-the numbers listed in Table I. For the minimal SME, one set
guently, only two eigenvalue differences for each coefficientof 8 phases is also unobservable, which reduces the total

matrix for Lorentz violation contribute to oscillation effects. number of degrees of freedom to 102.
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